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Supervised classification
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Notation

@ Training set of size L for K classes:

S={(ugz) e RN x {1,... K} | te{l,...,L}}

examples: uy =

Uy =
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Notation

@ Training set of size L for K classes:

S={(ugz) e RN x {1,... K} | te{l,...,L}}

examples: uy =

Uy =

8

and zp =2

and z, =9

@ ¢: RNV — RM: mapping from the input space onto an

M-dimensional feature space
= linearization

examples: convolution networks [Mirowski et al. 2008]
scattering coefficients [Brunat, Mallat 2013]
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Objective

@ The predictor relies on K discriminating functions Dy : RY — R,
ke{l,...,K}:

Dy (u) = ¢(u) "z®

where z(8) ¢ RM.

@ The classifier selects the class that best matches an observation:

dy(u) = arg max Dy (u)

@ Objective of the learning stage: estimate = = (z(V), ..., 2()) to
correctly predict the input-output pair (uy, z¢) for every
ted{l,...,L}.
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zp = argmax ¢(ug) ' z*)
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Multi-class SVM

@ Objective of learning :

zp = argmax ¢(ug) ' z*)
1<k<K

& maxe(ug) (2% —2()) <0
k#zyp
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Multi-class SVM

@ Objective of learning :

zp = argmax ¢(ug) ' z*)
1<k<K
& maxe(ug) (2% —2()) <0
k#zyp
[relax the strict inequality] <> ir;éax (b(Ug)T(x(k) — :L‘(ZE)) < —uy
Ze
with zp > 0
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Multi-class SVM

@ Objective of learning :

zp = argmax ¢(ug) ' z*)
1<k<K
& maxe(ug) (2% —2()) <0
k#zyp
[relax the strict inequality] <> ir;éax (b(Ug)T(x(k) — :L‘(ZE)) < —uy
2
[deal with unfeasible constraints] <> %;ax (b(Ug)T(m(k) - :L’(Zé)) < C(e) — Ly
2

with p; > 0and ¢® > 0.
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Multi-class SVM

@ Objective of learning :

2z = arg max @(ug) | ()
1<k<K

& maxg(ug) (2™ —20) <0
k#zy
[relax the strict inequality] <> Ikr;éax B(ug) T (2 — 23y < —pp
20

[deal with unfeasible constraints] <> ir;&ax (b(ug)T(:E(k) — :U(ZZ)) < ((e) — g
20

with iy > 0.and ¢ > 0.

@ Convex optimization problem [Crammer-Singer 2001]

minimize s. t.
(,€)

max p(ug) " (2) = 20) + g < (O

k#zg
(Veefl,....L}) {c(@ Y
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Multi-class SVM

@ Objective of learning :

2z = arg max @(ug) | ()
1<k<K

& maxg(ug) (2™ —20) <0
k#zy
[relax the strict inequality] <> Ikr;éax B(ug) T (2 — 23y < —pp
20

[deal with unfeasible constraints] <> ir;&ax (b(ug)T(:E(k) — :U(Z‘Z)) < C(e) — g
20

with iy > 0.and ¢ > 0.

@ Convex optimization problem [Crammer-Singer 2001]
— maximize distance of samples to separating hyperplanes

L 1,
minimize = ||z|5 s. t.
(@) 2

max p(ug) T (2 — 20) 4+ 1 < ¢
(Vee{l,...,L}) =2
(=0
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Multi-class SVM

@ Objective of learning :

2¢ = argmax ¢(ug) o ®
1<k<K

& maxg(u) (z® —260) <0
k#z

[relax the strict inequality] <> ir;&ax d)(w)T(x(k) — x(zl)) < =y
20

[deal with unfeasible constraints] <> Ilgéax ¢(uz)T(x(k) - x(ZZ)) < C(Z) — e
20

with 1, > 0 and ¢© > 0.

@ Convex optimization problem [Crammer-Singer 2001]

— maximize distance of samples to separating hyperplanes
— minimize margin violation

L
1
minimize = =3 +/\ZC(Z) s. t.
(@) 2 pet
max (ug) T (2®) — 2*) 4 g < ¢
k#zp

(Veef1,...,L}) {<<‘Z>>0

where A € |0, +o0].
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Standard SVM

I
PP ST ¢
minimize —||z||5 + A C() s. t.
imize 5l + A3
max ¢(ug) | (z®) — 20)) 4y < ¢¥
zg

(Vee{1,...,L}) {k#

¢®>0

@ Solution via Lagrangian duality
[Crammer-Singer, 2001, Tsochantaridis 2005, Joachims 2009, ...]

@ Preventing overfitting with sparsity priors
[Quattoni et al 2009, Jalali et al. 2010, Bach et al. 2012]
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Proposed formulation

minimize z)+ A ©  st.
(x,0)e(RMADYK  RL 9(@) ZC

(Ve {1,..,L}) ho(Tx) <¢¥

or equivalently

L
i o) 4 ; he(Ty)

0y — (e,k) (k) ; (k) _ 0,
with he(y't)) max y +r, with , .

Tyz = [pug) T (2 — 2()) ]

1<k<K®
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Proposed formulation
Regularized formulation:

x%ﬂl}ggf}( 9(@) + A hy(Tyz)

Constrained formulation:

i o) ol > " he(Tex) < 0 €10, +00]

. 0, ifk=z
with ™) 1I<I}caéXK Y e e e, otherwise,

Tz = [QS(UZ)T(:B(IC) - x(ze))]lgkgK'
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Proposed formulation

minimize g(z)+ A Z he(Tyz)

re(RMM+1)K =
Constrained formulation:
L
minimize glx) s.t. ® <
(2.0 €(ROLHD)K XRE & ;;:C S

(Vee {1,...,L}) he(Tex) < ¢O

. , ik =z,
. (y(é)) = max y(e k) 4+ r(k) with rék) = 0 ! .Zé
with 1<k<K e, otherwise,

Tz = [9(un)T(@® — 2] .

<

@ Contributions: exact resolution of sparse SVM
— regularized formulation using proximal splitting
— constrained formulation using epigraphical proximal splitting
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Algorithmic solution

BiyeCr,
Yy € Argmin Zgr Ayy) st
e Bsy € Cy,
o (Vre{l,...,R}) g: RV — ]—o0, +0c0] convex, Isc, and proper
o (Vre{l,...,R}) A, € RN-xN,
o (Vse{l,...,8}) Bs € RMsxN,
@ (Vsc{l,...,S}) Cyis a nonempty closed convex subset of R,
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Algorithmic solution

BiyeCr,
Yy € Argmin Zgr Ayy) st
e Bsy € Cy,
e (Vre{l,...,R}) g-: RN —]—00,+0ox] convex, Isc, and proper,
o (Vre{l,...,R}) A, € RN-xN,
o (Vse{l,...,8}) Bs € RMsxN,
e (Vsc{l,...,S}) Cyis a nonempty closed convex subset of RVs

~» Primal-dual proximal splitting algorithms
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Algorithmic solution

Forn =0,1,...
yl"l =R wrul® 4 >, wsal™  «— Undertechnical assumptions, (y!™),, e generated by
For r=1,...,R M+SFBF [Combettes-Bricefo-Arias, 2011] converges to &
[n] _ u[n] A, T [n]
i,r = Yes
| Ll gl
For s=1,...,S8
wy') =l i — i o
L E[;,L‘]s [n] + Yn Bs u[ ]
S YL S SR
For » =1, , R

w
pgnl = wgfl - ’Ylpr(\Xﬁy’y‘ (’Y—Tw[;’”]r) +—  Proximity operator computation

L Update u["‘“] and v ["'H]
For s =1, , S
G dn Pe, (ﬁm[ﬂT) +—  Projection computation
? ’ Ws "\ Tn !
=TT 7D
=] _

a5 5 :D[2 l + (2P

L Update @ *["‘H] and ol

["])
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Proximity operator

= (k) 4 (k)
Compute prox,; where h(u) e + %),

@ Solution:
(Vu € RE)  prox,, (u) = u — Ps, (u+7)

with

K
k=1
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Epigraphical projection
Compute Pc where C' = {(u,¢) € RE x R|h(u) < (}.

@ Epigraphical projection Po = Py,
Theorem
Let h € To(RX) be such that dom h is open. The projector onto the
epigraph of h is given by
(V(u,¢) ER® XR)  Pepin(u,() = (p,6)
where

{P = PrOX4 (max(n—¢,01)2 (1);
0 = max{h(p),C}.
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Epigraphical projection
Compute Pc where C' = {(u,¢) € RE x R|h(u) < (}.

® Epigraphical projection P = Pepip, With h(u) = max ul®) 4 (k)

@ Solution: Let (1), _, . be the sequence (u*) +7*)), _  sortedin
ascending order, v(©) = —co and v K+ = 4o,

Then, Pepih(ua C) = (pa 9) with
{p - < min{u®, 0 — ) ) 1<k<K
_ 1 K _(k
0= r <C+Zk:k’/( )>»

where k is the unique integer in {1,..., K + 1} such that
vF=1) < 9 < »® with the convention S/ .| - = 0.
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Experimental setup

MNIST database
@ N =28x28
e K=10
@ 10000 test images

Scattering network

000o00D00O
I/ Vi /271 /N7
22238222022
233833332323
4y 4y dyy
56655558585
666LLLLEG G L
729207177971
2t Y8 3EESRE
9999999479

@ Feature mapping: ¢: R28x28 -y RI4x14x81
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Experiment 1

Classification errors with quadratic or sparse regularization

samples per

class £2-SVM £ .-SVM

(L/K)
3 27.06 % 25.64 %
5 16.32 % 13.59 %
10 11.00 % 9.40 %
15 10.12 % 7.68 %
20 7.78 % 5.67 %
30 6.48 % 5.46 %
50 4.22 % 3.73%
100 3.69 % 3.13%
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Experiment 2

L
h — 0’ + T (k) _ (z/z)
(z) Kz:; max {0, 1 max plug) ' (&™) = )}

Comparison with other loss functions

(LIGM) Cambridge July 2015 15/18



Experiment 2

L

Z max {O e + max o (ug) (J;(k) _ m(zz))}
=1

Comparison with other loss functions
@ squared hinge loss [Blondel et al. 2013]

Z Z (max{O e + o W (ze))})

(=1 ktz,
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Experiment 2

L

Z max {O e + max o (ug) (J;(k) _ m(zz))}
=1

Comparison with other loss functions
@ squared hinge loss [Blondel et al. 2013]
@ logistic loss [Krishnapuram et al. 2005]

Zlog <1 + ) exp {W + p(ug) " (2™ — 95(2’3))})

k#zy
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Experiment 2

L

Z max {O e + max o (ug) (J;(k) _ m(zz))}
=1

Comparison with other loss functions
@ squared hinge loss [Blondel et al. 2013]
@ logistic loss [Krishnapuram et al. 2005]

@ one-vs-all [Laporte et al. 2014]
binary SVM with z, being equal to 1 if z, = k, and —1 otherwise

:i<max{0 ug—i—Zg(bw k)})

(=1
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Experiment 2

L

h(z) — 0. 1g + T () _ )
(z) ;maX{ ue +maxpug) ' (z) —w )}

Comparison with other loss functions

% of classificatio

Results with L/ K = 3

n errors vs A1

50 — : 100
—Hinge / o= ==
451 Square Y e
-—--Logit / 80 e
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30t s 7
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e eg =TT T 20 7
250 o /
20 ‘ ‘ ‘ 8
6.0001 0.001 0.01 0.1 1 0.0001 0.001 0.01 0.1 1
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Experiment 2

L

h(z) = Z max {0, p1¢ + max d(ug) T (2™ — 2(0)}

/=1

Comparison with other loss functions

% of classification errors vs \~!

Results with L/ K = 10

% of zero coefficients vs \~1

30 T 100
——— O = ]
peenst /@ == _-="
-~ - -
25F /.—
7
60 /./
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——. e / " 2
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Experiment 3

Comparison of execution times
@ hinge loss ~» proposed algorithms
@ hingeloss ~-» linear programming
@ squared hinge loss ~» FISTA
@ one-vs-all ~~ FISTA
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Experiment 3

Comparison of execution times

Results with L/K =3

Execution time vs A\~ ! distance to z!*> vs time
3500f ' — Hinge (Alg. 2) 10°
— — Hinge (Alg. 1)
3ooor |- Square (FISTA) 4 .
-—--Logit (FB) 0 N
25001 — — One-vs-All (FISTA) N
----- Linear (FBPD) 2L \
R — O — . L 10 \
2000 LTI Olingrrmmrrans || i
1500 > —————— - > 1ok [
N =00 ——Hinge (Alg. 2) |
1000t o o N | —— Hinge (Alg. 1) : i
S \\ 107 ----- Square (FISTA) | 1
500+ ""'-—.-.,,__.“ —— D R Linear (FBPD) |
00001 0001 001 od 7 ool 8 0
. . . . 0 500 1000 1500 2000
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Experiment 3

Comparison of execution times

Results with L/ K = 10

Execution time vs \~! distance to z[*°°! vs time
3500f ' ‘ ‘ 1 10° T
3000} ] LS
N - = "~
So 10 \Q‘:.‘\ T o
2500+---- N T W, . 1 \”\'\‘ S~
- _ 107 :‘\\ \-\ \\ J
200 oM Vi \
e e L [
15007 TN Rl S 0! ',
N 3 0! !
10001 =< o O !
\\\ 5 107 | | :,
500} EREEN L i
3 0 !
0.0001 0001  0.01 0.1 1 o s
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Conclusion

@ Reuvisit sparse SVM with epigraphical tools
@ Computationally efficient algorithms
@ Imposing sparsity improves results

@ Other applications of epigraphical tools for sparse signal recovery:
hyperspectral imagery, pulse shape design,. ..
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