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d-variate exponential sums

f1, . . . , fM ∈ C \ {0}, pairwise distinct z1, . . . , zM ∈ (C \ {0})d ,
then

f : Zd −→ C

k 7−→
M∑

j=1

fjz
k
j =

M∑

j=1

fj

d∏

ℓ=1

z
kℓ

j,ℓ

is a d-variate exponential sum.

Ω := {z1, . . . , zM}.



Reconstruction problem

Task: Reconstruct all fj and zj from samples of f .

Solution for d = 1: de Prony (1795)

2M + 1 samples f (−M), . . . , f (M)

Reconstruct parameters zj independently of coefficients fj



Prony method for univariate exponential sums

f : Z → C univariate exponential sum, i. e. d = 1.

Classical Prony method:

Given: f (−M), . . . , f (M).

T := (f (k − m))m=0,...,M
k=0,...,M

∈ C
M+1×M+1.

Fact: dim ker T = 1.

(p0, . . . , pM) ∈ ker T \ {0}.

zj — roots of polynomial p :=
∑M

k=0 pkXk ∈ C[X].

(f1, . . . , fM) ∈ C
M — solution to a regular linear system.
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Here: Deterministic method, sampling set fixed a priori!



d = 1 revisited

Construct T ∈ C
M+1×M+1 with

ker T = span{p}

and
Ω = {z ∈ C | p(z) = 0}.

Thus

Ω = {z ∈ C | q(z) = 0 for all q ∈ ker T } = V(ker T ).



Multivariate Prony method

Now: d ∈ N arbitrary, so f : Zd → C.

Notation:

Πn := {q ∈ C[X1, . . . , Xd ] | max{‖k‖∞ | k ∈ N
d , qk 6= 0}

︸ ︷︷ ︸

=:maxdeg q

≤ n},

N := dim Πn = (n + 1)d .

Idea: Identify Πn with C
N and construct a matrix

Tn ∈ C
N×N

with
V(ker Tn) = Ω.



Multivariate Prony method

For n ∈ N let

Tn := (f (k − m))‖m‖
∞

,‖k‖
∞

≤n ∈ C
N×N

(block Toeplitz with Toeplitz blocks).

d = n = 2 sampling grid; (2n + 1)
2

= 25 samples



Multivariate Prony method

Let

An : Πn −→ C
M

p 7−→ (p(z1), . . . , p(zM))

be the evaluation homomorphism at Ω = {z1, . . . , zM},

An ∈ C
M×N

the representation matrix of An.

Then
Tn = PnA⊤

n DnAn,

with Dn := diag(z−n
1 f1, . . . , z−n

M fM). Thus

ker Tn ⊇ ker An, so V(ker Tn) ⊆ V(ker An)



Remarks

So far
V(ker Tn) ⊆ V(ker An) ⊇ Ω.

Is V(ker Tn) 6= Ω possible?

Yes, V(ker Tn) can be infinite, e. g. if dim ker Tn = 1.

So, how to choose n?

Multivariate polynomials  algebraic tools!



V(ker Tn) = Ω?

Theorem

Let f be a d-variate exponential sum with parameters z1, . . . , zM .

If n ≥ M, then V(ker Tn) = Ω := {z1, . . . , zM}.

Proof.

Show:

V(ker An) = Ω.

rank An = M, and thus ker An = ker Tn.



Example 1

f : Z2 −→ C

k 7−→ (1, 1)k + (−1, −1)k .

Choose n = 2. Then

T2 =






T T ′ T

T ′ T T ′

T T ′ T




 , T :=






2 0 2
0 2 0
2 0 2




 , T ′ :=






0 2 0
2 0 2
0 2 0




 ,

dim ker T2 = 7 and 〈ker T2〉 = 〈−1 + X2, −X + Y〉,

hence

V(ker T2) = V(−1 + X2, −X + Y) = {(1, 1), (−1, −1)}.



Example 1

Visually:

p1 = −1 + X2,

p2 = −X + Y,

V(p1, p2) = {(−1, −1), (1, 1)} = Ω,



Example 2

0 1

0

1

Zero loci on T2 ∼= [0, 1[
2

of real- and imaginary parts of C-basis of ker T2 for

M = 6, zj = exp(πi(1+cos((j −1)π/2), 1+sin((j −1)π/2))), j = 1, . . . , 5,

z5 = (1, 1), fj = 1, and n = 2 < M (computed with Octave resp. Bertini)



Relation to dual certificate/TV-minimization

Theorem

Let T := {z ∈ C | |z | = 1}, f M-sparse d-variate exponential sum

with Ω ⊆ T
d , n ≥ M, and {p1, . . . , pM} orthonormal basis of

(ker Tn)⊥
. Then

q : [0, 1[d −→ [0, 1]

t 7−→
1

N

M∑

ℓ=1

|pℓ(exp(2πit))|2

is a trigonometric polynomial of degree n with

q(t) = 1 ⇐⇒ exp(2πit) ∈ Ω.



Summary

Parameter reconstruction for d-variate exponential sums

Deterministic
Sampling set known a priori

Tn ∈ C
N×N , N = (n + 1)d

ker Tn ⊆ C[X1, . . . , Xd ]

n ≥ M ⇒ V(ker Tn) = Ω

For Ω ⊆ T
d :

Trig. poly. q : [0, 1[d → [0, 1] with q(t) = 1 ⇔ exp(2πit) ∈ Ω

arxiv.org/abs/1506.00450
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Thank you for your attention!
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