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Linear inverse problems

b A x4 w
- |
[ |
nxXp

Applications: Machine learning, signal processing, theoretical computer science...
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Linear inverse problems

nxXp

Nullspace (null) of A:  x! 4+ — b, V< null(A)

We need additional information on x"!
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Sparsity to the rescue!

b A v xT w
gy

»beR", AcR"™P and n < p
» & € RPXP, xh € 3, and s<nk&p
> Sparsity allows tractable recovery with n = O(plog(p/s))

. |
PNl A TU view of structured sparsity | Marwa El Halabi, marwa.clhalabi@epfl.ch Siide 2721 (A




Beyond sparsity towards model-based or structured sparsity

> The following signals can look the same from a sparsity perspective!

| I

Sparse image Wavelet coefficients Spike train Background substracted
of a natural image image

> In reality, these signals have additional structures beyond the simple sparsity

.. af |
| .

Sparse image Wavelet coefficients Spike train Background substracted
of a natural image image

-
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Beyond sparsity towards model-based or structured sparsity

Sparsity model: Union of all s-dimensional
canonical subspaces.

RP

Structured sparsity model: A particular Ms

union of ms s-dimensional canonical
subspaces.

Three upshots of structured sparsity: [Baraniuk et al., 2010]

1. Reduced sample complexity
2. Better noise robustness

3. Better interpretability
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A simple template for structured sparsity recovery

Find the “sparsest” x subject to structure and data.

> Sparsity
We can generalize this desideratum to other notions of simplicity

> Structure

We only allow certain sparsity patterns

> Data fidelity
We have many choices of convex constraints & losses to represent data; e.g.,

[b—Ax|l;, <r

-
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Simple sparsity
Sparse estimator

x* € arg min { ||x||, : [|[b — Ax||, < ||w
g min { g ¢ b~ Axl; < [wl }

where ||x|jo :=1Ts,5 = Ilsupp(x),supp(x) = {i|z # 0}
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Simple sparsity

Sparse estimator

x* € arg min 1 [|x]|y : [|b — Ax||, < ||w P
g min {]lx]o - | I < lIwll, } (Po)

where ||x[|o := 17's, 5 = Lypp(x)» SUPP(x) = {ilzi # 0}

|||y over the unit £-ball

Po has the following characteristics:
» sample complexity: O(s) lIxllo
» computational effort: NP-Hard :
> stability: No
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Simple sparsity

Sparse estimator

x* € arg min 1 ||x||, : [|[b — Ax|[, < ||w P
g min { |l « | I < lIwll, } (Po)

where ||x[|o := 17's, 5 = Lypp(x)» SUPP(x) = {ilzi # 0}

|||y over the unit £-ball

Po has the following characteristics:
» sample complexity: O(s) lIxllo
» computational effort: NP-Hard :
> stability: No

Convex relaxation:
Convex envelope is the largest convex
lower bound.

A technicality: Restrict x € [—1,1]7.
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Simple sparsity

Sparse estimator

x* € arg min {[1xo : b — Axlly < [Iwll, § (Po)

where ||x|jo := 175, 5 = Lgupp(x), Supp(x) = {i|z; # 0}

Ix||; is the convex envelope of ||x||,

Po has the following characteristics:
» sample complexity: O(s)
» computational effort: NP-Hard
> stability: No

Convex relaxation:

Convex envelope is the largest convex

lower bound. o [Ix[ls

A technicality: Restrict x! € [—1,1]7.
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The role of convexity: Tractable & stable recovery

Basis pursuit estimator

* i : = < <
x* € arg min {||x]ly : [Ib = Axlly < [Iwlly [Ixlloo < 1}

where ||x||1 := 17 x|
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The role of convexity: Tractable & stable recovery

Basis pursuit estimator

x* € arg min {||x]|y + Ib = Axly < [[wlly, ]l <1} (BP)

where ||x||1 := 17 x|

[|x||; is the convex envelope of ||x||,

BP has the following characteristics:

lIxlo
> sample complexity: O(slog(2))

» computational effort: Tractable;
O(n2pt® log(%)) via IPM (for w = 0)

> stability: Robust to noise

[Ix[Ix

A technicality: Restrict x € [—1,1]7.
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Convex relaxation in general?

We encode the structure over the support by g(x) = F(supp(x))
- supp(x) = {i|; 0}
> F(s):{0,1}? - RU{+o0}

How does the current literature compute the convex relaxation of g ?
1. Case by case heuristics
2. Biconjugation (= convex envelope): Fenchel conjugate of Fenchel conjugate.

Fenchel conjugate: g*(y) := SuPx.dom(g) xTy — g(x).

Challenge: Fenchel conjugate of a general g is NP-Hard.

. V
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Tractable convex relaxation

Prior work:

1. Monotone submodular penalties [Bach, 2010]
> Tractable biconjugation via Lovasz extension
> Limited to certain structures
2. l4-regularized combinatorial functions [Obozinski and Bach, 2012]
(uF (supp(x)) + v[x|l¢)
> Homogeneous convex envelope
> Tractable biconjugation even for some non-submodular functions
> Not always tractable
> May lose structure [El Halabi and Cevher, 2014]
Our goal:
> Easy to design priors
> Tractable biconjugation
> Applies to as many structures as possible
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Tree sparsity

Wavelet coefficients Wavelet tree Valid selection of nodes Invalid selection of nodes
We seek the sparsest signal with a rooted connected tree support. [Baraniuk et al., 2010]
H syar — 17 —
Objective: |Ix|lo =1"s s.t. Lgyppx) =8
Linear constraint: A valid support satisfy Sparent > Schild over tree T

1-10 0 O OO0OO O

01 -10 0 O0OO0O O

Tlguppx) == Ts2>0 01 0 -10 000 0

T=1]oo0o 0 1 -1000 0

where T is the directed edge-node incidence matrix. 00 0 1 0 -100 0
00 O 0O o O01-10

00 0 0 0 010 —1

Key Observation: Matrix T is totally unimodular (TU).
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Tree sparsity

Wavelet coefficients Wavelet tree Valid selection of nodes Invalid selection of nodes
We seek the sparsest signal with a rooted connected tree support. [Baraniuk et al., 2010]
H var — —
Objective: [x[lo =1"s st Lgyppx) =8
Linear constraint: A valid support satisfy Sparent > Schild over tree T

1-10 0 0 000 O
01 -10 0 000 0

Tlguppx) == Ts2>0 01 0-10 000 O

T=]oo o 1 -1000 0

where T is the directed edge-node incidence matrix. 00 0 1 0 -100 0
00 0 0 0 01-10

00 0 0 0 10 -1

Key Observation: Matrix T is totally unimodular (TU).

Total unimodular (TU): M € R™ is TU iff the determinant of every square
submatrix of M is 0, or +1.
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Tree sparsity

6y = {{1,2,3},{2},{3}} valid selection of nodes
We seek the sparsest signal with a rooted connected tree support. [Baraniuk et al., 2010]

Objective: |x|[o=17s s.t. Lsupp(x) = 8
Linear constraint: A valid support satisfy Sparent > Schild over tree T

1-10 O O OOO O

01 -10 0 O0O0O0O O

Tlsupp(x) == Ts >0 01 0 —-10 000 0

T=]oo0o o 1 -1000 0

where T is the directed edge-node incidence matrix. 00 0 1 0 -100 0
00 0 o0 o0 01-10

00 0 0 0 010 —1

Key Observation: Matrix T is totally unimodular (TU).
Biconjugate: Tractable! ZG@\BH [|zg ]| oo

This is known as the hierarchical group lasso [Zhao et al., 2006, Jenatton et al., 2011b].
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How is TU property helpful?

Recall Fenchel conjugate: g*(y) := SUPx.dom(g) xTy — g(x).
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How is TU property helpful?

Recall Fenchel conjugate: g*(y) := SUPx.dom(g) xTy — g(x).

Integer program

B € arg max {078 : MB < c,8 >0} (IP)
Bezm

NP-Hard (in general)
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How is TU property helpful?

Recall Fenchel conjugate: g*(y) := SUPx.dom(g) xTy — g(x).

B2
Integer program

B € arg max {078 : MB < c,8 >0} (IP)
Bezm

NP-Hard (in general)

Convex relaxation

B* € arg max (076 : MP < ¢, > 0} (LP)
e

Obtains an upperbound
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How is TU property helpful?

Recall Fenchel conjugate: g*(y) := SUPx.dom(g) xTy — g(x).

B2
Integer program

B € arg max {078 : MB < c,8 >0} (IP)
Bezm

NP-Hard (in general)

Convex relaxation

B* € arg max (076 : MP < ¢, > 0} (LP)
e

Obtains an upperbound
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How is TU property helpful?

Recall Fenchel conjugate: g*(y) := SUPx.dom(g) xTy — g(x).

B2
Integer program

B° € arg max {078 MB < c,8>0} (IP) /
pes Mp<c ////// o' g
NP-Hard (in general) _ ol

Convex relaxation B
Integral polytopes

B* € arg max {678: MB < c,B>0} (LP) P={BMB < c,pB>0}
nax

) When every vertex of P is integer,
Obtains an upperbound v <
LP is an “exact” relaxation.
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How is TU property helpful?

Recall Fenchel conjugate: g*(y) := SuPx.qom(q) X~ ¥ — 9(x).

B2
Integer program

B € arg max {078 : MB < c,8 >0} (IP)
Bezm

NP-Hard (in general)

Convex relaxation B
Integral polytopes

p* e arglgréngL{GTﬁ :MB <c,B>0} (LP) P={BIMB < c,B >0}

) When every vertex of P is integer,
Obtains an upperbound s <
LP is an “exact” relaxation.

Polyhedra P = {Mp3 < ¢, 3 > 0} has integer vertices when M is TU and c is integer
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TU structures

TU modeling framework offers:

v General easy to design structure sparsity template,

v Tight convexifications for submodular/non-submodular examples,

v Efficient evaluation of biconjugate via LP.

Model Convex lop I £,-regularized structure | TU structure
Minimal Group cover Latent group lasso X v v*
Group intersection sparsity Group lasso v v
Rooted connected tree Hierarchical group lasso X ?
Sparse group knapsack £1 with knapsack constraint X E v*
Relaxed group knapsack Exclusive lasso X S v

* this is shown only for group structures that lead to TU constraints.
** this is shown only for partition groups.

lions@ep
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Template for TU structures

Sparsity and structure together [El Halabi and Cevher, 2014]

Given some weights d € R%, e € R? and an integeral vector ¢ € Z!, we define
gru(x) := eTs+min{dTw: M {L‘:] < ¢, Tgupp(x) = 8w € {0, 1}79}
w

for all feasible x, co otherwise. The parameter w is useful for latent modeling.

» Mis TU.

» "“Exact convex relaxation” of: ¢*(y) = sup,eqo,1}» ly|Ts — F(s).
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Convexification of TU structures

TU convex relaxation given by LP

g:;*U(x) = min{dTer els: M |:us):| <e¢ x| <s,we |0, 1]d7s € [0,1]7}
w,s

for all feasible x, oo otherwise.

> Usually g7, have closed form solution.
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Group cover sparsity: Minimal group cover

sparse group sparse
1

supp(x)

group “support
indicator veetor

We seek the signal covered by a minimal number of groups.
[Baldassarre et al., 2013, Obozinski et al., 2011, Huang et al., 2011]
Objective: d”w (Group sparsity)
Linear constraint: For each non-zero coefficient, at least one group containing it is

selected

where B is the biadjacency matrix of ©, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix, or ® has a loopless group intersection graph
[Baldassarre et al., 2013], it is TU.
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Group cover sparsity: Minimal group cover

®& = {{1, 2}, {2, 3}}, unit group weights d = 1.

We seek the signal covered by a minimal number of groups.
[Baldassarre et al., 2013, Obozinski et al., 2011, Huang et al., 2011]
Objective: dTw (Group sparsity)
Linear constraint: For each non-zero coefficient, at least one group containing it is
selected

Bw

where B is the biadjacency matrix of ®, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix, or ® has a loopless group intersection graph
[Baldassarre et al., 2013], it is TU.

N X . M M
Biconjugate: g7, (x) = mmwem{zizl di||Villoo : x = Z,::

This is known as the Latent group lasso [Obozinski et al., 2011].
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Group knapsack sparsity

sparse
1.

supp(x)

={1}

We seek the sparsest signal with group allocation constraints.
[Hegde et al., 2009, Gerstner and Kistler, 2002]
Objective: 17s
Linear constraints: A valid support obeys budget constraints over 6

where B is the biadjacency matrix of ©, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix or ® has a loopless group intersection graph
[Baldassarre et al., 2013], it is TU.
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Group knapsack sparsity

1 1 1 0 0
0 1 1 1 0
BT =
= A 0w 0 0 1 1.+ 1 1] A4l)xp

We seek the sparsest signal with group allocation constraints.
[Hegde et al., 2009, Gerstner and Kistler, 2002]

Objective: 17s
Linear constraints: A valid support obeys budget constraints over 6

BTs

where B is the biadjacency matrix of ©, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix or ® has a loopless group intersection graph
[Baldassarre et al., 2013], it is TU.
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Group knapsack sparsity

c o9

(Ieft) iy (x) < 1 (middle) 935 (x) < 1.5 (right) g3 (x) < 2 for & = {{1,2},{2,3}}

We seek the sparsest signal with group allocation constraints.
[Hegde et al., 2009, Gerstner and Kistler, 2002]
Objective: 175
Linear constraints: A valid support obeys budget constraints over &

where B is the biadjacency matrix of ©, i.e., By = 1 iff i-th coefficient is in G;.

When B is an interval matrix or ® has a loopless group intersection graph
[Baldassarre et al., 2013], it is TU.

Ixlly if BT|x| < cu,x € [-1,1]7

00 otherwise

Biconjugate: g7, (x) = {
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Group knapsack sparsity example: A stylized spike train

> Basis pursuit (BP): ||x]|1
> TU-relax (TU):

Il ifxe[=1,1)", BT|x| < cu, £
a7y = {

e’} otherwise

0.1 0.2 03 0.4
n/p

Figure: Recovery for n = 0.18p.

X o8 g
0§ s st
04 04} 04}
02 02 02

1
E 700 750 £ 0 00 750 200 0 50 50 200
xH xgp solution sy solution
) x—x x—x
relative errors: w = .200 w = .067

(B [EXIP
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Conclusions

TU modeling framework offers:
v General easy to design structure sparsity template,
v Tight convexifications for submodular/non-submodular examples,

v Efficient evaluation of biconjugate via LP.
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