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Sparse Deconvolution
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Sparse Deconvolution
Neural spikes (1D)

Astrophysics (2D)Seismic imaging (1.5D)
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Overview

• Sparse Spikes Super-resolution 

• Robust Support Recovery 

• Asymptotic Positive Measure Recovery 

• Discrete vs. Continuous
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Minimum separation:
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! Signal-dependent recovery criteria.

Radon measure m on T = (R/Z)d.

Example: 1-D (d = 1) convolution

'(x, t) = '(x� t)

' 2 C2(T⇥ T)y = �(m) + w

�(m) =

Z

T
'(x, ·)dm(x)

Linear leasurements:

Deconvolution of Measures
m

a,x

'

y

� = 2/fc

y

� = 1/fc

� = 0.5/fc

y



Discrete `1 regularization:

Computation grid z = (zk)Kk=1.

min
a2RN

1

2
||y � �(ma,z)||2 + �||a||1

Basis-pursuit / Lasso:

Sparse Deconvolution of Measures

y

zk



Discrete `1 regularization:

Computation grid z = (zk)Kk=1.

min
a2RN

1

2
||y � �(ma,z)||2 + �||a||1

Basis-pursuit / Lasso:

Grid-free regularization: total variation of measures:

For discrete measures: |ma,z|(T) = ||a||1.

|m|(T) = sup
�R

⌘dm : ⌘ 2 C(T), ||⌘||1 6 1
 

Sparse Deconvolution of Measures

y

zk



Discrete `1 regularization:

Computation grid z = (zk)Kk=1.

min
a2RN

1

2
||y � �(ma,z)||2 + �||a||1

Basis-pursuit / Lasso:

Grid-free regularization: total variation of measures:

min
m

1

2
||�(m)� y||2 + �|m|(T) (P�(y))

For discrete measures: |ma,z|(T) = ||a||1.

|m|(T) = sup
�R

⌘dm : ⌘ 2 C(T), ||⌘||1 6 1
 

Sparse Deconvolution of Measures

y

zk

Sparse recovery:



Discrete `1 regularization:

Computation grid z = (zk)Kk=1.

min
a2RN

1

2
||y � �(ma,z)||2 + �||a||1

Basis-pursuit / Lasso:

Grid-free regularization: total variation of measures:

min
m

1

2
||�(m)� y||2 + �|m|(T) (P�(y))

For discrete measures: |ma,z|(T) = ||a||1.

|m|(T) = sup
�R

⌘dm : ⌘ 2 C(T), ||⌘||1 6 1
 

Sparse Deconvolution of Measures

y

zk

Sparse recovery:

�! Algorithms:

[Bredies, Pikkarainen, 2010] (proximal-based)

[Candès, Fernandez-G. 2012] (root finding)
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Asymptotic of Vanishing Certificate
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⌘W
s.t.

⇢
⌘(0) = 1,
⌘0(0) = . . . = ⌘(2N�1)(0) = 0.

Asymptotic pre-certificate:

⌘W
def.
= argmin

⌘=�⇤p
||p||

Vanishing Derivative pre-certificate:

⌘V
def.
= argmin

⌘=�⇤p
||p||
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a0,�x0 where � ! 0

s.t. 8 i,
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Asymptotic Certificate
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⇢
8x 6= 0, |⌘W (x)| < 1



Asymptotic Certificate
1

1

1

1

⌘V = ⌘W

⌘W

⌘W

⌘W

N = 1

N = 2

N = 3

N = 4

(2N � 1)-Non degenerate:

⌘W 2 D̄N

()
⌘W

(2N)(0) 6= 0

⇢

Lemma:

8x 6= 0, |⌘W (x)| < 1

If ⌘W 2 D̄N , 9�0 > 0,

8� < �0, ⌘V 2 D̄(m�x0,a0)

! ⌘W govern stability as � ! 0.



Asymptotic Robustness

Theorem:

the solution of P�(y) for y = �(m0) + w is
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Theorem:

the solution of P�(y) for y = �(m0) + w is

[
D
e
n
o
y
e
l
l
e
,
D
.
,
P
.
2
0
1
4
]

x

?
i

�0
↵ < 2N � 1

y = �m
a0,tx0 + w Noise: w = �w0.

If ⌘
W
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N

, letting m0 = m
a0,�x0 , then

for
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w
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w
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When is      Non-degenerate ?⌘W

Proposition: one has ⌘(2N)
W (0) < 0. �! “locally” non-degenerate.
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Overview

• Sparse Spikes Super-resolution 

• Robust Support Recovery 

• Asymptotic Positive Measure Recovery  

• Discrete vs. Continuous



Measures:

On a grid z:

min
m

1
2 ||�(m)� y||2 + �|m|(T)

min
a2RN

1
2 ||�(ma,z)� y||2 + �||a||1

Discrete vs. Continuous Recovery



Measures:

On a grid z:

min
m

1
2 ||�(m)� y||2 + �|m|(T)

min
a2RN

1
2 ||�(ma,z)� y||2 + �||a||1

If m0 = ma0,z, then for fine grids z, supp(a?) 6= supp(a0).

�! Discrete support is not stable!

Solution path � 7! a?

Discrete vs. Continuous Recovery

�



Discrete Minimal Norm Certificate

min
a2RN

1
2 ||�z(a)� y||2 + �||a||1 where �z(a) = �(ma,z)



Discrete certificate:
I = supp(a0)

n o
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⌘(zI) = sign(a0,I)
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Discrete certificate:

Fuch’s pre-certificate:

I = supp(a0)
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Discrete certificate:

Fuch’s pre-certificate:

I = supp(a0)

⌘F = �+,⇤
zI sign(a0,I)

n o

⌘ 2 Im(�⇤)
⌘(zI) = sign(a0,I)
|⌘(zIc)| < 1

:D̄d(m0) =

Theorem: supp(a0) is stable at low noise i↵ ⌘F 2 ¯Dd(m0).
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Discrete certificate:

Fuch’s pre-certificate:

I = supp(a0)

⌘F = �+,⇤
zI sign(a0,I)

n o

⌘ 2 Im(�⇤)
⌘(zI) = sign(a0,I)
|⌘(zIc)| < 1

:D̄d(m0) =

Theorem: supp(a0) is stable at low noise i↵ ⌘F 2 ¯Dd(m0).

! ⌘F /2 ¯Dd(m0) for fine grids!
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Structure of Discrete Recovered Support

Theorem:

if ⌘0 2 D̄(m0),

then for fine grids

supp(a?) ⇢ supp(a0)� {�1, 0, 1}

and for (||w||/�,�) = O(1),
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Deconvolution of measures:

�! L2
errors are not well-suited.

Weak-* convergence.

Optimal transport distance.

Exact support estimation.

. . .

Conclusion

� = 0.45/fc

� = 0.55/fc
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Lasso on discrete grids:

Deconvolution of measures:

�! L2
errors are not well-suited.

Weak-* convergence.

Optimal transport distance.

Exact support estimation.

. . .

similar ⌘0-analysis applies.

�! Relate discrete and continuous recoveries.

Open problem: other regularizations (e.g. piecewise constant) ?

Conclusion

� = 0.45/fc

� = 0.55/fc

Low-noise behavior:

�! dictated by ⌘0.
�! checkable via ⌘V .
�! asymptotic via ⌘W .


