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Overview

e Sparse Spikes Super-resolution

e Robust Support Recovery

o Asymptotic Positive Measure Recovery

e Discrete vs. Continuous
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Deconvolution of Measures

Radon measure m on T = (R/Z)<.

Discrete measure:
N
Moz =9 5100z, a € RY zeTV

Linear leasurements:

y=®m)+w peC*TxT)
B(m) = / o(z, dm(z)

FExample: 1-D (d = 1) convolution
gp(x,t) — Sp(x _ t)

Minimum separation:
A =min;»; |z; — x;]|

— Signal-dependent recovery criteria.
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Sparse Deconvolution of Measures

Discrete ¢! regularization:

Computation grid z = (2;)7—;.

Basis—pursuit / Lasso:

min —Hy ®(mg.)|? + Mal:
acRN

Grid-free regularization: total variation of measures:

m|(T) =sup { [ ndm : n € C(T), [n]o <1}

For discrete measures: |mg, .|(T) = |a|;.

Sparse recovery: min %HCI)(m) — y|* + A\Jm|(T) (Pa(y))

Bredies, Pikkarainen, 2010] (proximal-based)

Algorithms:
— Alomthims |Candes, Fernandez-G. 2012] (root finding)



Dual Minimization

Primal program:

1
min Z[®(m) — y[* + Ajm|(T)
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Dual Minimization

Primal program: Dual program:

.1 min A—Dp

min | (m) — o[ + Ajm|(T) ity WA=
n=%o"p
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Dual Minimization

Primal program: (1) Dual program:
. 1 > TYTTRITTCITTTrY min )\ .
min < [@(m) — yf? + Xml(T) || s WA=
m (2) n=>o"p
Proposition: |primal-dual relations I\ ®myg
supp(m) C {t; [n(t)] =1} (1) WA S AW
n=\ 10"y — dm) (2) \ ,,/ |

..........
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Dual Minimization

Primal program: (1) Dual program:
1 I min [y/— p
- (2) n=op
Proposition: |primal-dual relations A\ <I> mo

supp(m) C {t; |n(t)| =1} (1) A A A
)= A (y - ) (2) i

Algorithm: [Compute solution m = mg ;]

Step 1: Compute z = supp(m) using (1). } N

If ®, injective, C is =.

Step 2: Compute a using (2).
a=0fy— \N®.2;)" ()




SDP Dual Resolution and Root Fmdmg

Low frequency measurements:

(@*p)(t) =

Z|k|<fcp €

21kt

in 1D
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SDP Dual Resolution and Root Fmdmg

Low frequency measurements:

((I)* )( ) Z|k|<fcp 62177/{75 in 1D

min {[y/A —p|*; p € C}

(Dxa(y))

C={peCrl; |0 p|o <1}
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SDP Dual Resolution and Root Fmdmg

Low frequency measurements:

((I)* )( ) Z|k|<fcp 62177/{75 in 1D
min { |y/A —p|*; pe C} (Da(y))

C= {pe CY ;P ploo < 1}
={p; 1 —®*pand ®*p — 1 are SOS}

{p, 3Q € H, (}? 21?)68;\;}

def {QECPXP Z QZZ+3_5ZJ}
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SDP Dual Resolution and Root Fmdmg

Low frequency measurements:
(@ D)0) = g, pic™™

in 1D

min {|y/A —p|*; p€C} (Di(y))

C={peCrl; |0 p|o <1}

={p; 1 —®*pand ®*p — 1 are SOS}

{p, 3Q € H, (}? 21?)68;\?}

={QeC™"; ¥ Qiir; =i}
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Algorithm: (i) Solve Dy (y) (SDP program).




SDP Dual Resolution and Root Fmdmg

Low frequency measurements:

(© D)) = Ty, Pre™™

in 1D

min {|y/A —p|*; p€C} (Di(y))

C={peCrl; |0 p|o <1}

={p; 1 —<I>*p and ®*p — 1 are SOS}

{p, 3Q € H, (}? 21?)68;}

def {Q - CPXP Z Qz a7 = 0y ,]}

?
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Algorithm: (i) Solve Dy (y) (SDP program).
(ii) Compute supp(m) = (z;); as P(e*™i) = (

P(&) = ¢fe|d*p(t) — 1| where ¢ = 2™
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Overview

e Sparse Spikes Super-resolution

e Robust Support Recovery

o Asymptotic Positive Measure Recovery

e Discrete vs. Continuous
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Robustness and Support-stability

min {[m[(T) ; om =y

Low-pass filter supp(p) = [—f., fc]-

When is mq solution of Py(Pmyg) ?

Theorem: |Candes, Fenandez G.]

A > 1}55 = my solves Py(Pmy).

How close to mg
are solutions of Py (®mgy + w)?

Weighted L? error:
— [Candes, Fernandez-G. 2012]

Support localization:
— |Fernandez-G.||de Castro 2012]

(Po(w))

A=03/f

A=01/f, i

Open problems: Exact support recovery? General kernels?
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Dual Certificates

| . O|mol (T
Noiseless recovery: min m|(T P

Proposition:
myg solution of (Py) <= dn € D(my)
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Dual Certificates

Noiseless recovery: min  |m|(T) (Po) d|mo| (I
®(m)=®(mo) n

Proposition:
myg solution of (Py) <= dn € D(my)

Dual certificates: D(mg) = N d|mg|(T)

Olma,q|(T) ={n € C(T) ; |nfe <1, Vi, n(z;) = sign(a;)}




Dual Certificates

. . d|mo| (I
Noiseless recovery: min m|(T P

Proposition:
myg solution of (Py) <= dn € D(my)

Dual certificates: D(mg) = N O|lmg|(T)
Olmax|(T) = {n € C(T) ; |nle <1, Vi, n(x:) = sign(a;)}

Non-degenerate certificate: n € @(ma@)
= Vséa |n(s) <1 Vsex n(s)£0




Support Stability

Minimal-norm certificate: Mo = argmin Ip|
n=2o*p

S.t.
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Support Stability

Minimal-norm certificate: Mo = argmin Ip|
n=2o*p

s.t. n &€ D(my)

for ([w]/A,A) = O(1),

[Duval, Peyré 2014]

Theorem: 1If ng € D(myg) for mg = Mg, 4,, then

the solution of Py (y) for y = ®(mg) + w is
Doy af8er  where [ (wo,a0) — (¢*,a%)] = O([w]).
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Support Stability

Minimal-norm certificate: Mo = argmin HPH s.t. me D(mo)
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Support Stability

Minimal-norm certificate: Mo = argmin Ip|

s.t. n &€ D(my)

n=>*p
S _
=| Theorem: 1If ng € D(my) for mg = mg, 4,, then
3 for (Jw[/A, A) = O(1),
~ the solution of Py (y) for y = ®(mg) + w is
§ >y afby:  where |(20,a0) — (z*,a*)| = O(|w]).
) Ao Ti4 A\ |
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Vanishing Derivative (Pre-)Certificate

Vanishing Derivative Pre-Certificate

ny = argmin |p| s.t. Vi{
n=>*p

n(xo,;) = sign(ao,i),
77/(513(),7;) — O




Vanishing Derivative (Pre-)Certificate

Vanishing Derivative Pre-Certificate
t W{ n(Zo,i) = sign(ao,:),

— argmin
A% S Hp” 77/($O,z') —0.

n=>*p

Proposition: nv = <I>*A$(;*(Sign(ao); 0)
where Ay (b) = 3, b; (i, -) + b’ (@i, )




Vanishing Derivative (Pre-)Certificate

Vanishing Derivative Pre-Certificate
t W{ n(Zo,i) = sign(ao,:),

— argmin
A% S Hp” 77/($O,z') —0.

n=>*p

Proposition: nv = <I>*A$(;*(Sign(ao); 0)
where Ay (b) = 3, b; (i, -) + b’ (@i, )

Theorem: Ny & 75(mo) — Mo = Nv
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When is 1v Non-degenerate ?

Input measure: Mg = Mgy Azys O — 0

Theorem: [Tang, Recht, 2013]
1C, (A > Co) = (ny is non degenerate)
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Recovery of Positive Measures

mo = May.z, Where ag € Rﬁ:

Theorem: let  ®m = ([ e_Qi”ktdm(t))icz_fc and

N .
ns(t) = 1= pllizy sin(m(t — z:))°
for N < f. and p small enough, ng € D(my).

— My 1S recovered when there is no noise.

— behavior as g — 0 7
[Morgenshtern, Candes, 2015] discrete ¢! robustness.
[Demanet, Nguyen, 2015] discrete £° robustness.

— noise robustness of support recovery 7

[TT0Z ‘' 30 o1jse)) op]
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Asymptotic of Vanishing Certificate

Mo = Mgy Az, Where A — 0 1

Vanishing Derivative pre-certificate:

def. .
ny = argmin |p|
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Mo = Mgy Az, Where A — 0 1

Vanishing Derivative pre-certificate:

def. .
ny = argmin |p|
n==>*p L

. n(Azg ;) =1,
s.t. Vi, { 77/(A370,z') —0.




Asymptotic of Vanishing Certificate

A —0

mo = Mgy Az, Where

Vanishing Derivative pre-certificate:

def.

ny = argmin |p|
B (Aw,) = 1
. n mO,i — 1,
s.t. Vu, { n/(AxO,i) —0.
lA — 0

Asymptotic pre-certificate:

def. .
nw = argmin |p|

n=>o*p
S.t. {

n(0) =1,

n'(0) = ... =nEN=D(0) = 0.
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Asymptotic Certificate

(2N — 1)-Non degenerate:

nw € Dy
Va#0,|nw(x) <1

e
i w2 (0) #£ 0




Asymptotic Certificate

(2N — 1)-Non degenerate:

nw € Dy
Va#0,|nw(x) <1

e
w2 (0) #£ 0

\\

Lemma:
It nw € YjN, 3¢ > 0,

VA < AO) Ny € 75(rrnAUUO,CLO)

— nw govern stability as A — 0.




Asymptotic Robustness

Theorem: If ny € Dy, letting mg = May Ay, then
for (%7 Aztzi\;—la A21>\\7—1) — 0(1)

the solution of Py (y) for y = ®(mg) + w is

[w] + A

Zé\; a; 0Azr where |(zg,a0) — (2*,a*)| = O (

A2N -1

)
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Asymptotic Robustness

Theorem: If ny € Dy, letting mg = May Ay, then
for (%7 AQQZI\JT—17 A21>\\7—1) — 0(1)

the solution of Py (y) for y = ®(mg) + w is

[w] + A

SN, af0as: where | (x0,a0) — (a*,a*)] = O (

A2N -1

)

Noise: w = Awg.

— @ an.tr : .
Y Mag,tzg T W Regularization: A = A\gA“
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When is 71w Non-degenerate ?

Proposition: one has 7

(2N

%4

)(0) < 0.

— “locally” non-degenerate.



When is 71w Non-degenerate ?

tion: one has 77&2/1\7) (0) < 0. | — “locally” non-degenerate.
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Discrete vs. Continuous Recovery

Measures: mﬂiﬂ %ch(m) — y|* + A\/m|(T)
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Discrete vs. Continuous Recovery

Measures: mﬂ@bn %HCI)(m) — y|* + A\/m|(T)

On a grid z: | min %HCI)(maz) —y|* + Aal:

acERN

If mg = my, ., then for fine grids z, supp(a*) # supp(ao).
— Discrete support is not stable!
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Solution path A= a*



Discrete Minimal Norm Certificate

min 1[@.(a) — |2 + Maly where ®.(a) = ®(m, .)
aERN
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min %H(I)Z(CL) —y|? + Ma|1 where @,(a) = ®(m, )

acRN
Dz’;ciete certificate: Bo(mo) =4 € Tm(a): In(z1e) < 1
= supp(ao) n(zr) = sign(ao,r)
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Discrete Minimal Norm Certificate

min %H(I)Z(CL) —y|? + Ma|1 where @,(a) = ®(m, )

acRN
Dz’;ciete certificate: Bo(mo) =4 € Tm(a): In(z1e) < 1
= supp(ao) n(zr) = sign(ao,r)

Fuch’s pre-certificate: nrp = @Z’* sign(ag 1)

Theorem: supp(ag) is stable at low noise iff 77 € Dg(my).

Zoom Ng
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— nr & Dg(myg) for fine grids!



Structure of Discrete Recovered Support

Theorem: if ng € D(my),
then for fine grids and for (|w| /X, A\) = O(1),
supp(a*) C supp(ao) ® {—1,0,1}
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Solution pa,th A= a*
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Conclusion

Deconvolution of measures:

— s L? errors are not well-suited.

Weak-* convergence.

Optimal transport distance.

Exact support estimation.

— dictated by 7).
Low-noise behavior: — checkable via ny, .
— asymptotic via nyy.

Lasso on discrete grids: similar ng-analysis applies.
—— Relate discrete and continuous recoveries.

Open problem: other regularizations (e.g. piecewise constant) ?




