On the Relationship Between Markov Chain
Monte Carlo Methods for Model Uncertainty

Simon J. GODSILL

This article considers Markov chain computational methods for incorporating uncer-
tainty about the dimension of a parameter when performing inference within a Bayesian
setting. A general class of methods is proposed for performing such computations, based
upon a product space representation of the problem which is similar to that of Carlin and
Chib. It is shown that all of the existing algorithms for incorporation of model uncertainty
into Markov chain Monte Carlo (MCMC) can be derived as special cases of this gen-
eral class of methods. In particular, we show that the popular reversible jump method is
obtained when a special form of Metropolis—Hastings (M—H) algorithm is applied to the
product space. Furthermore, the Gibbs sampling method and the variable selection method
are shown to derive straightforwardly from the general framework. We believe that these
new relationships between methods, which were until now seen as diverse procedures, are
an important aid to the understanding of MCMC model selection procedures and may assist
in the future development of improved procedures. Our discussion also sheds some light
upon the important issues of “pseudo-prior” selection in the case of the Carlin and Chib
sampler and choice of proposal distribution in the case of reversible jump. Finally, we pro-
pose efficient reversible jump proposal schemes that take advantage of any analytic structure
that may be present in the model. These proposal schemes are compared with a standard
reversible jump scheme for the problem of model order uncertainty in autoregressive time
series, demonstrating the improvements which can be achieved through careful choice of
proposals.
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1. INTRODUCTION

1.1 BAYESIAN MODEL UNCERTAINTY

Within a Bayesian setting model uncertainty can be handled in a parametric fashion
through the use of posterior model probabilities. Suppose there exist M candidate models,
one of which is assumed to be a perfect statistical description of an observed data vector y.
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Associated with each model is a likelihood p(y|0y, k) that depends upon an (unknown) set
of parameters 6y, where k € {1, ..., M} denotes the kth model in the list of candidates. In
general 6, may be multivariate and may have different dimensionality and support O in
different models. A prior distribution p(6y| k) is assigned to each parameter vector and a prior
distribution p(k) to the model number, reflecting prior knowledge about the probabilities
of individual models. The posterior model probability for model % is then obtained as

_ p(ylR)p(k) _ Jo, POk, K)p(6k|k)db p(k).

plkly) p(y) p(y)

(1.1)

The term p(y|k) is sometimes referred to as the marginal likelihood for model k. We
assume throughout that the parameter priors p(6x|k) are proper. In some cases the goal of
the statistical analysis may simply be to summarize the relative posterior probabilities of
the individual models or to estimate a single “best” model through the use of some suitable
risk function. In many applied scenarios, however, model uncertainty can be incorporated
into tasks such as forecasting, interpolation, smoothing, or signal extraction (West and
Harrison 1997) through use of “model mixing,” in which model-dependent inferences are
combined together by weighting according to their posterior probabilities (Hoeting, Raftery,
and Madigan 1996; Raftery, Madigan, and Hoeting 1997).

1.2 MCMC METHODS FOR MODEL UNCERTAINTY

Calculation of posterior model probabilities is rarely achievable in closed form for
realistic models. Approximation methods may be used, and there is a large array of tools
available (see, e.g., Raftery 1996 for a good review). Another effective means of achieving
this is through a Monte Carlo sampling scheme. For distributions of parameters with fixed
dimensionality a suitable scheme for drawing a dependent sequence of samples from the
joint posterior is Markov chain Monte Carlo (MCMC). MCMC methods (Metropolis et al.
1953; Geman and Geman 1984; Gelfand and Smith 1990; Hastings 1970) have become
well established over recent years as a powerful computational tool for analysis of com-
plex statistical problems. Until relatively recently, however, these methods were applied in
statistics only to problems with fixed dimensionality.

A direct MCMC approach to the solution of the variable dimension problem is to
estimate posterior model probabilities from independent MCMC chains running in each
model. This is the approach of, for example, Chib (1995) and Chib and Greenberg (1998).
An appealing alternative is to perform MCMC simulation over both model parameters and
model number: if one can draw random samples (6, k%) from the joint posterior distribution
p(0k, k|y), then Monte Carlo estimates can readily be made for any required posterior
quantities. It is then hoped that models with insignificant probability are visited only rarely,
while the majority of the computational effort is expended in exploration of models with
high probability. This article considers only computational schemes of this latter variety,
since we believe that these offer greater potential in the solution of the complex modeling
requirements of many realistic applied problems which have high-dimensional parameter
spaces and many competing models. However, we note that in cases where there is no
obvious relationship—such as a nested structure between the parameters of competing
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models—the direct MCMC approaches are likely to be the method of choice at the current
time.

Currently, the most flexible and popular MCMC model sampling scheme is the re-
versible jump sampler (Green 1995). In this scheme, which is covered more fully in Section
2.3, a modified version of the Metropolis—Hastings method is developed based on the de-
tailed balance condition for the distribution p(6y, k|y). Reversible jump can be viewed as
a generalization of the earlier jump diffusion methods (Grenander and Miller 1991, 1994;
Phillips and Smith 1994).

An alternative scheme, that of Carlin and Chib (1995), develops a product space for
all possible model parameters and a model indexing variable. The space has constant di-
mensionality and hence a Gibbs sampler may be applied directly without concern for the
varying dimension aspects of the model uncertainty problem. The technique has an ap-
pealing simplicity but is not easily applicable to problems with more than a handful of
competing models, owing to the necessity of choosing and generating from a large num-
ber of so-called “pseudo-priors.” Other more specialized model space samplers include the
stochastic search variable selection (SSVS) methods (George and McCulloch 1993, 1996;
Geweke 1996; Kuo and Mallick 1998) and the MCMC model combination (MC?) methods
of Madigan and York (1995), developed in the special context of decomposable graphical
models.

The field of MCMC model uncertainty is rapidly growing in application. A few of the
many applications of reversible jump methods can be found in Richardson and Green (1997);
Denison, Mallick, and Smith (1998); Barker and Rayner (1998); Morris (1996); Barbieri
and O’Hagan (1996); and Troughton and Godsill (1998), and applications of SSVS and
related variants include McCulloch and Tsay (1994); Godsill and Rayner (1996); Godsill
(1997); Godsill and Rayner (1998); Barnett, Kohn, and Sheather (1996); Troughton and
Godsill (in press); Huerta and West (1999); Clyde, Desimone, and Parmigiani (1996).

1.3 PrINCIPAL CONTRIBUTIONS OF THIS ARTICLE

Section 2.1 presents the composite representation for model uncertainty problems. As
in Carlin and Chib (1995), a product space is defined over all possible model parameters and
a model indexing variable. Section 2.5 shows how to modify this framework to situations
where it is more convenient to parameterize the space with some parameters shared between
several models, as is the case in variable selection and nested models. In Carlin and Chib
(1995) a Gibbs sampler is used to explore the product space. Subsequent sections of this
article show that application of various alternative Gibbs or Metropolis schemes to the
composite space can lead to the other well-known model samplers as special cases of the
general framework. In particular, it is shown that reversible jump is obtained when a special
form of Metropolis—Hastings proposal is applied; we note that a similar observation has
independently been made by Besag (1997). These results add to the overall understanding
of both reversible jump and composite space schemes and provide a review of the current
ideas in the field, all considered within a single framework. The relationships developed
shed some light upon the issues of pseudo-prior choice in the case of Carlin and Chib,
and choice of proposal densities in the case of reversible jump. It is hoped that the general
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framework may also lead to new classes of model space sampler that combine the benefits of
several different schemes within the composite model. The final sections of the article give
attention to devising efficient proposal distributions in cases where some analytic structure
is present in the model. A simulation example is presented for the case of an autoregressive
model with unknown model order, demonstrating the improvements achievable when model
structure is taken into account.

2. RELATIONSHIPS BETWEEN DIFFERENT
MODEL SPACE SAMPLERS

2.1 THE COMPOSITE REPRESENTATION FOR MODEL UNCERTAINTY PROBLEMS

We first define a composite model space for standard model selection problems in
which no parameters are considered as “shared” between any two models. This is later
modified to introduce more flexibility in shared parameter problems such as nested models
and variable selection. The composite model is a straightforward modification of that used
by Carlin and Chib (1995). Consider a “pool” of N parameters § = (6, ...,0x), such that
6; has support ©;. The parameters #; may once again be vectors of differing dimensionality.
In many applications the emphasis will be upon model classes in which the parameters
do have variable dimension, especially when there is some structure or “nesting” of the
models which relates the parameters of one model dimension to those of another. However,
it is worth noting that all of the methods discussed here are equally applicable to cases
where the candidate models have fixed dimensionality. A probability distribution is now
defined over the entire product space of candidate models and their parameters; that is,
(k,0) € K x Hiv=1 O;, where K is the set of candidate model indices. The likelihood and
prior structure are then defined in a corresponding way, as follows. For a particular k the
likelihood depends only upon the corresponding parameter 6j:

p(ylk,0) = p(ylk, Ok). (2.1)

The model specification is completed by the parameter prior p(6x|k) and the model prior
p(k). The full posterior distribution for the composite model space can now be expressed
as

p(ylk, Or) p(Ok|k) p(0 1|0k, k) p(k)
p(y)

p(k,0ly) = ; 2.2)
where 6_j denotes the parameters not used by model k. All of the terms in this expression
are defined explicitly by the chosen likelihood and prior structures except for p(6_g|0x, k),
the “prior” for the parameters in the composite model which are not used by model k. It is
easily seen that any proper distribution can be assigned arbitrarily to these parameters
without affecting the required marginals for the remaining parameters. We have given
the general case, in which this prior can depend upon both k£ and the remaining model
parameters. In many cases it will be convenient to assume that the unused parameters are a
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priori independent of one another and also of 6. In this case we have that p(6_|0x, k) =
0—k|k) = 1,24 p(0i|k) and the composite model posterior can be rewritten as

P(ylk. 0) p(OxIK) (T, P(0:1K)) p(K)

p(y)

p(k,0ly) = (2.3)
This is the form of composite space used by Carlin and Chib (1995). The priors on the unused
parameters 6_, are referred to as “pseudo-priors” or linking densities in the Carlin and Chib
model, appropriate choice of which is crucial to the effective operation of their algorithm.
We will retain the general form as given in Equation (2.2), referring to the term p(6_|05, k)
as the pseudo-prior, although it should be noted that the simpler form of Equation (2.3) will
often be used in practice, with consequent simplification of the posterior distribution.

The key feature of the composite model space is that the dimension remains fixed even
when the model number k changes. This means that standard MCMC procedures, under
the usual convergence conditions, can be applied to the problem of model uncertainty. For
example, a straightforward Gibbs sampler applied to the composite model leads to Carlin
and Chib’s method, while we show later that a more sophisticated Metropolis—Hastings
approach leads to reversible jump. In the following sections we show how to obtain these
existing MCMC model space samplers as special cases of the composite space sampler.

2.2 CARLIN AND CHIB

The sampling algorithm of Carlin and Chib (1995) is easily obtained from the composite
model by applying a Gibbs sampler to the individual parameters 6; and to the model index
k. The sampling steps, which may be performed in a random or deterministic scan, are as
follows:

, e p(ylk, 0r) p(Ok|k), i=k
0; p(0il0—i, k,y) oc{ (6,105, 1), i £k

ko~ p(kl0,y) o< p(ylk, Ok) p(Or|k) p(0—k |0k, k) p(F).

The method is rather impractical for problems with many candidate models since every
parameter vector is sampled at each iteration, although Green and O’Hagan (1997) showed
that this is in fact not necessary for strict convergence of the sampler. The problem can in
fact be mitigated by replacing the Gibbs step for k with a Metropolis—Hastings step having
the same target distribution; then it is necessary only to generate values for the parameters
of any two models at each iteration rather than the complete step. Nevertheless, suitable
choice of pseudo-priors is essential for efficient operation. Carlin and Chib suggested the
use of pseudo-priors that are close to the posterior conditional for each model. We can
see why this might be a good choice by analyzing the case when the pseudo-priors are set
exactly to the posterior conditionals for each parameter and the individual parameters are
assumed independent a priori

P00k, k) = ] p(0:ly, k = i)
i#k
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The sampling step for k is then found to reduce to

b~ p(00.9) = p(kly) = [ p(00.kly) by
k

In other words the model index sampling step becomes simply a draw from the true model
posterior probability distribution p(k|y) and does not depend upon the sampled parameter
values 6;. This is in some sense the ideal case since the aim of model uncertainty sampling
is to design a sampler that explores model space according to p(k|y). We can see then
why choosing pseudo-priors that are close to the parameter conditionals is likely to lead to
effective operation of the algorithm. Of course, the exact scheme is impractical for most
models since p(k|y) is typically unavailable in closed form, but this still gives some guidance
as to what a suitable pseudo-prior might look like.

2.3 REVERSIBLE JumpP

The reversible jump sampler (Green 1995) achieves model space moves by Metropolis—
Hastings proposals with an acceptance probability that is designed to preserve detailed
balance within each move type. Suppose that we propose a move to model &’ with parameters
0y from model k& with parameters 6, using a proposal distribution ¢(k’, 0/; k, 0x). The
acceptance probability in order to preserve detailed balance is given by

. p(k’,@k/\y) q(k,@k;k’,ﬂk/))
o =min | I, .
( p(k70k|y) q(klvgk’;kvgk)

This acceptance probability is expressed without use of measure-theoretic notation.

(2.4)

Rather we have assumed that density functions exist with respect to, for example, Lebesgue
measure for all of the distributions concerned, as will nearly always be the case in practice.

Inimplementation it will often be convenient to take advantage of any nested structure in
the models or interrelationships between the parameters of different models in constructing
effective proposal distributions, rather than proposing the entire new parameter vector
as in (2.4). To take a very simple case, a fully nested model structure between models
k and k + 1 can easily be implemented by fixing the first k¥ parameters in both models
and making a proposal of the form g(k + 1, 0k11:k,0k) = qi(k + 1;k)q2(0k41;0k) =
a1 (k+ 15 5) g2 (01910,)56, (00", where 0" denotes the first k elements of 6j,1. The

k+1 k+1 k+1
reverse move is then of the form q(k, 0k k + 1,0k41) = q1(k; k + 1)d,0:0) (%) and the

o
acceptance ratio simplifies to
p(k+ 1, 0k1|y) a1 (k3 k+ 1)
k
p(k, Ouly) a1 (k + 1 R)aa (015 161)

An example of the application of such a nested sampler, compared with a full parameter
proposal of the form (2.4), is given in Section 2.7. More generally, relationships between
parameters of different models can be used to good effect by drawing “dimension matching”
variables u and v’ from proposal distributions ¢, («) and ¢, (u’), and then forming 0, and
0y as deterministic functions of the form 6, = g(0y/,u) and 0 = g(0x,u’). In this way
it is straightforward to incorporate useful information from the current parameter vector 6y,
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into the proposal for the new parameter vector 8. Provided that dim (6, u) = dim(6y, u’)
(dimension matching), the acceptance probability is given by (Green 1995):

o = min <1 p(K, O ly) @y (k: )z ) | (64, ) >
"ok, Oxly) @1 (K k) qa (u') | (0, /)

which now includes a Jacobian term to account for the change of measure between (6, u')
and (6y/,u). Note that the basic form of reversible jump given above in Equation (2.4) is
obtained from this formula when we set 0, = g(0x/,u) = v and O = g(0,u') = v/, so
that the Jacobian term is unity.

It is worth commenting that the earlier jump diffusion methods for model uncertainty
(Grenander and Miller 1991; Grenander and Miller 1994; Phillips and Smith 1994) can
be considered as a special version of the reversible jump scheme in which model jumps
are proposed with exponentially distributed time gaps and parameter moves are performed
using discretised Langevin diffusions. Hence we do not address these methods further here.

2.3.1 Reversible Jump Derived From the Composite Model

We now show that Green’s reversible jump sampler can be obtained by applying a
special form of Metropolis—Hastings (M—H) proposal to the composite model space. We
derive the general form given in (2.4), noting as above that nested and other forms can be
obtained from this general case provided that dimension matching constraints are carefully
incorporated.

Consider a proposal from the current state of the composite model (k, ) to a new state
(k’,0") that takes the form:

q(k',0";k,0) = qi (K’ k) (05 0k) p(0_ 1/ 1050, k).

This proposal, which forms a joint distribution over all elements of k and 0, is split into
three component parts: the model index component ¢; (k'; k), which proposes a move to a
new model index, k’; a proposal for the parameters used by model £/, ¢(6}.;0%); and a
proposal for the remaining unused parameters which is chosen to equal the pseudo-prior
(0" 1/ 101, k). We thus have a joint proposal across the whole state space of parameters and
model index that satisfies the Markov requirement of the M—H method as it depends only
upon the current state (k, §) to make the joint proposal (k’, 6"). There are now no concerns
about a parameter space with variable dimension since the composite model retains constant
dimensionality whatever the value of £ and any issues of convergence can be addressed by
reference to standard M—H results in the composite space.

The acceptance probability for this special form of proposal is given, using the standard
M-H procedure, by

o = min (l q(k,e;kl,e/)p(/ﬂ/79/|y)>
" q(K, 05k, 0) p(k, 0ly)
(1 q(k; k') @201 0;,) p(O—1 |0k, k) p(K', 05, ly) p(6”_ 4.0}, '))
" (k'3 k) @205, 0) p(07 110, k') (K, Oly) p(O—k |0k, k)
—  min (1 fh(/ﬁk')Q2(9k§92/)P(k'792/|y)>.
" qi(K'5 k) q2(0,501) p(K, Orly)
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This last line is exactly the acceptance probability for the basic reversible jump sampler (2.4)
with the proposal distribution factored in an obvious way into two components ¢;(.) and
¢2(.). We see that the acceptance probability is independent of the value of any parameters
which are unused by both models k and k' (their pseudo-priors cancel in the acceptance
probability); nor are their values required for generating a proposal at the next iteration.
Hence the sampling of these is a “conceptual” step only which need not be performed in
practice. This feature is a strong point of the reversible jump method compared with the
Gibbs sampling version of the Carlin and Chib method, which requires samples for all
parameters, including pseudo-parameters, at every iteration. Conversely, it is a very chal-
lenging problem to construct effective proposal distributions for reversible jump methods in
complex modeling scenarios, especially in cases where there is no obvious nested structure
to the models or other interrelationships between the parameters of the different models; in
these cases the Carlin and Chib method, which allows blocking of the parameters within
a single model in a way that is not possible for reversible jump, may have the advantage.
It is interesting, however, to see that both schemes can be derived as special cases of the
composite space sampler.

Convergence properties of the reversible jump scheme derived in the special way given
here can now be inherited directly from the Metropolis—Hastings algorithm operating on
the fixed dimesion composite space. Specifically, irreducibility and aperiodicity of the com-
posite space sampler will ensure the convergence of the chain to the target distribution and
the validity of ergodic averages (Robert and Casella 1999).

In independent work on variable selection methods by Dellaportas, Forster, and Nt-
zoufras (1997), it is observed that the composite space sampler can be obtained, for the two-
model case, taking reversible jump as the starting point. This interesting result is related to
ours. We believe, however, that our work goes beyond this by showing that reversible jump
may be obtained purely from fixed-dimensional considerations on the composite space,
and hence that convergence properties are inherited directly from the fixed-dimension M—
H method. Our derivation of reversible jump is also very straightforward, requiring no
measure-theoretic detail beyond that associated with a standard M—H sampler.

2.3.2 Proposing From Full Posterior Conditionals and MC?>

In a similar vein to the suggestions made above for the Carlin and Chib method, a
possible version of reversible jump would use the full posterior conditional p(0y|k’, )
as the proposal density ¢,(.) in the above description. We can then employ the identity
Z gg‘zlzg = p(k|y) [Besag (1989) used this basic identity to find prediction densities; Chib
(1995) and Chib and Greenberg (1998) used a related identity to calculate Bayes factors,

for example] to obtain the following acceptance probability:

o= min (1 p(k’y)ql(k;k’))
" p(kly)a (K k) )

This can be recognized as the acceptance probability of a standard Metropolis—Hastings
method with the posterior model probability p(k|y) as the target distribution and using
proposals g (k’|k) for the model moves. Note that the acceptance probability is indepen-
dent of parameter values, depending only upon the proposal distribution for model order
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and the posterior odds ratio p(k’|y)/p(k|y). Inference about parameter values can then be
made conditional upon the current model index £ using standard MCMC. Such a scheme
has been used for decomposable graphical models in the MC® method of Madigan and
York (1995). Stark, Fitzgerald, and Hladky (1997) suggested a similar scheme for use with
changepoint models. They pointed out that the parameters generated in proposing from the
full conditional distribution p(fy/|k’, y) can be used in a subsequent Gibbs sampling step
for 6y if the move to model k' is accepted.

In the (relatively rare) cases where p(k|y) or equivalently the value of the full condi-
tional p(6x |k, y) at all values of 6y, is available analytically, use of conditional parameter
distributions as reversible jump proposals would lead to excellent exploration of model
space. This would suggest that reversible jump proposals should be designed to approximate
as closely as possible the parameter conditionals in order to come close to the performance
of the scheme when parameter conditionals are readily available in exact form. This is sim-
ilar in principle to Carlin and Chib’s suggestion that pseudo-priors be chosen close to the
parameter conditionals in their method.

2.4 USE OF PARTIAL ANALYTIC STRUCTURE IN REVERSIBLE JUMP PROPOSALS

The exact scheme of the last section is, of course, not available for most models of
practical interest. Nevertheless, many useful models will have what we term partial an-
alytic structure; that is, we have the full conditional in closed form for some subvector
of 0y, the vector of parameters which are used by the new model %’; in other words
p((0x)ue| (O ) —1s, k', y) is available for some subset of the parameters, indexed by a set U.
If we suppose that an equivalent subset of parameters (6, ) —y;, with the same dimensionality
as (0’ )—y, is present in the current model k, we might choose a reversible jump proposal
distribution which sets (0x/)_y = (0r)—y and proposes the remaining parameter vector
(0x+)—y¢ from its full conditional, p((0x)is|(x )1, k', y). The reverse move would set
(0x)—u« = (0x)—y and propose the remaining parameters in model & from their condi-
tional p((0x)u|(0k) -, k', y). (Note that in general (0y);, and (0 )y, will be of differing
dimensionality.) The reversible jump acceptance probability for such a move can then be
derived as

p(k|(0k)—uy) i (K5 k) (2.5)

o ( p(K(0x)—u = (O) -0, 9) a1 (k3 k’))

a =min | 1, ,
where (K| (0) 1) = [, PO (O Vel (Oo) 10, 9) d(Bi s A typical example
where this might be used is the linear Gaussian model with conjugate priors, where the
full conditional for the linear parameters is available. (6 );; might then be chosen to be
the linear parameters for model &', while (6/)_y; could be the remaining unknown prior
hyperparameters—such as noise variances—which are common to both models k and k’.
These parameters, being of fixed dimensionality, can then be sampled in a separate step
using a standard fixed-dimension MCMC method such as the Gibbs sampler or Metropolis—
Hastings. Of course, a more sophisticated scheme might also include a random proposal
to change the value of these “core” parameters within the reversible jump proposal. In this
way we can also deal with the case where the set of core parameters () )y, depends on k
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and hence the dimensionality of (6)_;; may also vary with k.

Note once again that the acceptance probability does not depend upon the sampled pa-
rameter values (6 )y or (0 )y, In this case it depends upon the model proposal distributions
and the posterior odds conditional upon (0x) 11 = (0x)—y. In cases where () _s can
be given a similar interpretation in both models (the parameters are “common” to models
k and k') this scheme is likely to yield a simple and effective model space sampler which
takes advantage of any analytic structure within the model. A simulation example of this
approach is given in Section 2.7.

2.5 A COMPOSITE SPACE FOR NESTED MODELS AND VARIABLE SELECTION

Thus far we have considered only basic model selection problems in which parameters
are not shared between different models, as will be the case for nested models and variable
selection problems. Although it is always possible to represent such models within the
basic framework described above, it will be convenient to define a slight generalization
that specifically accounts for parameter “overlap” between models. As before, we have a
“pool” of N parameters § = (61, ...,0y). We now, however, introduce a set of indices for
each model which indicates which of the 6;’s are used by model k. Specifically, Z(k) =
{i1(k),i2(k), ... 5iwy(k)} € {1,2,..., N}defines the model-dependency of the likelihood
as follows:

where 07y = (0;; @ € Z(k)) denotes the parameters used by model k. Much as before,
the full composite posterior can be expressed as:

p(ylk, Ozk)) POz | k) D(O—2() |02k, k) ()
p(y)

p(k,0ly) = : 2.7)

where 0_7() = (0:; 1 € {1,..., N} —Z(k)) denotes the parameters not used by model .
The term p(0_z () |0z (), k) is once again a “pseudo-prior” for which any proper distribution
will suffice.

Using this framework, some convenient (but not unique) parameterizations of the com-
posite space are:

e Standard model selection. In the basic model selection problem we associate one
parameter vector with each model, so we can simply use k € {1,..., N} and Z(k) = {k}.
The model is assumed not to be nested, so no elements of different parameter vectors are
considered to be common across different models. Of course, all model uncertainty problems
can be formulated in this way, but it will often not be convenient to use this representation
for computational reasons.

e Nested models. In nested models it is assumed that parameters from the model of
order k have the same interpretation as the first k& parameters in the model of order k£ + 1.
In this case we have k € {1,..., N}, as before, but now Z(k) = {1, ..., k}.
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o Variable selection. In variable selection problems the model conditional likelihood
can depend upon any combination of the available parameters. In this case a natural pa-
rameterization for k is as a binary N-vector; that is, k = [k, k2, ..., kn] € {0,1}V, and
Z(k) = {i: k; = 1}. Each element of k then “switches” a particular dependent variable
in or out of the model (e.g., setting & = [0, ..., 0] corresponds to the case where the data
depend upon none of the candidate variables). This is a pure variable selection problem in
which the model conditioned likelihood is truly independent of all those candidate variables
which have k; = 0. Many problems that involve latent indicator variables can be viewed
as variable selection problems, and we thus use the term here in its most general sense to
include all of these variants on the problem. This parameterization of the variable selection
problem is equivalent to that used by Kuo and Mallick (1998) and Geweke (1996). Note
that the stochastic search variable selection (SSVS) methods of George and McCulloch
(1993) are not quite the same as this since the likelihood in their case is of fixed form for
all models, depending upon all parameters within every model. Model uncertainty is then
built in through a prior structure which enforces very small values for those parameters
which are switched “off” in the model. This avoids some of the difficulties of working
with a variable dimension parameter space. Within the framework of the composite model
we could achieve this configuration by setting Z(k) = {1, ... N} Vk. The likelihood (2.6)
is then taken as independent of k and distinction between different % is achieved purely
through the prior distributions on the 6;’s and k. We will consider here the first formulation
in which parameters can be switched out of the model completely; that is, the likelihood
is completely independent of #; when k; = 0. Methods based upon these principles find
application not only in traditional “variable selection” problems but in many other areas
where individual effects can be modeled via latent indicator variables (see references in
Section 1.2).

The results of the previous sections applied to the standard model selection problem
are readily adapted to the more general framework of this section. We now go on to discuss
MCMC variable selection within the composite model space framework.

2.6  MCMC VARIABLE SELECTION

Using the parameterization described earlier in which £ is a binary vector of parameter
“indicators,” MCMC variable selection methods are obtained immediately by the application
of a Gibbs sampler to the parameter space partitioned as (ki, k2, ..., kn,01,02,...,0N).
If, for simplicity, we omit any additional hyperparameters such as noise variances, which
are often considered to be common to all models, then the following sampling scheme is
obtained, which is essentially the same as that of Kuo and Mallick (1998):

PY1Ozk), k) DOz 1) |K) D(O—z (1) 02 (1), k), ki =
01' ~ 97, 9,1'7 k, X
plo10-sc ko o { T ki
ki~ pkilk—i,0,y) < p(Y|Oz(k), k) POz i) | k) P(O—1(h) Ok, F)-
The individual parameters 6; are thus sampled either from their posterior conditional or
from their pseudo-prior, depending upon the value of k;. Clearly schemes which use other
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types of MCMC in the moves or choose alternative blocking strategies to yield improved
performance can also be devised (see, e.g., Godsill and Rayner 1996, 1997; Barnett, Kohn,
and Sheather 1996; Carter and Kohn 1996; Troughton and Godsill in press).

The fact that the pseudo-priors can be chosen arbitrarily in exactly the same way as
for the standard model selection problem is not often noted within a variable selection
framework. One practically useful example of this fact, in some variable selection models,
such as those involving linear conditionally Gaussian assumptions for the parameters, is to
choose the pseudo-prior for each parameter 6, to be the conditional posterior for §; with
k; = 1; that is, set

p(Oilki = 0,0_5,k_;) = p(0i|ki = 1,0_;,k_s,y).

In the basic Gibbs sampling framework summarized above, the sampling step for k; then
reduces to:

ki ~ p(kil0s,0_ik—isy) = p(kil0_i, k_i,y) = /0 p(ki, 0103, k_i,y)do;.

When associated with the conditional draw of §; from its conditional posterior p(6;|0_;, k, y)
we see that the approach is equivalent to a blocking scheme which draws jointly for (6;, k;)
using the decomposition p(6;, k:|0—;, k—i,y) = p(0;|k, y)p(ki|0—i, k—i, y). Such blocking
schemes have been found empirically to give much improved performance over straight-
forward single-move Gibbs samplers both in outlier analysis (Godsill and Rayner 1996,
1998; Godsill 1997; Barnett, Kohn, and Sheather 1996) and variable selection for non-
linear time series (Troughton and Godsill in press). This blocking procedure can also be
viewed as equivalent to that used by Geweke (1996), who reparameterized the problem with
d-functions in the prior for variables which are not used in the model. In these cases the in-
tegral required can easily be performed analytically. In other cases, improved performance
could be achieved over the “single move” Gibbs Sampler by setting the pseudo-priors to
some suitable approximation to the conditional posterior in a similar fashion to Carlin and
Chib’s proposal for the basic model selection problem.

2.7 EXAMPLE

To illustrate the principle of using partial analytic structure in reversible jump proposals
we examine a simple time series autoregression model uncertainty problem:

k
Ty = Zagk)xt,i + ey, ey X N(O,az),
i=1
where a(®) = (agk); i = 1,...,k) are the AR coefficients for a model of order k. For
simplicity we side-step issues of stationarity and work with the conditional likelihood,
which approximates the exact likelihood well for large N (Box, Jenkins, and Reinsel 1994):

N P
P(x|a(k)70§,k) = HN (It - Zagk)xt_,) y T
i=1 i=1

[x1 ... zN].



Markov CHAIN MoNTE CARLO METHODS 13

100

80 b

60 b

201

amplitude
o

0 100 200 300 400 500 600 700 800 900 1000
Sample number

Figure 1.  Synthetic AR(10) data.

Conjugate normal and inverted Gamma priors are assumed for a(¥) and o’2. A uniform prior
is assumed for k over arange 1,. .., kyax, Where kyax Was set at 30 in this example. Some
partial analytic structure is then available in the form of the conditional distribution for a(*),
p(a(k) |z, 02, k), which is multivariate Gaussian (Box, Jenkins, and Reinsel 1994). Thus,
we set 0, = (a®,02), (0x)y = a®, and (0y)_yy = o2. The acceptance probability for
model moves, following (2.5), is then:

—min (1 p(K'|o2, X)q(k; k")
‘= *p(klo2, 2)q(K5k) )

where p(k|oZ,z) = [ p(a®, k|02, ) da™®), which is obtained analytically. o2 is up-
dated at each iteration using a standard Gibbs sampling step.

One thousand data points are simulated from an order 10 model with coefficients
a9 = [0.9402, —0.4300,0.4167, —0.4969,0.4771, —0.5010, 0.0509, —0.2357, 0.4024,
—0.1549], and 02> = 100, as shown in Figure 1. We chose a relatively large dataset to ensure
that the likelihood expression is accurate and also because this highlighted the differences
between the two schemes considered. The schemes were: the method above based upon the
partial analytic structure of the model, and a simple reversible jump implementation which
proposes new parameters from an iid Gaussian; that is,

[ag,agk) a,(j)], E <k,

0 = .
r [Gk (73] ...uk/_k] , U; 1)\(/1 N(O, Oi), k, > k

The acceptance probability for such a proposal is (see Green 1995, eq. (8)), for &’ > k:

(k") 1142 L
a = min (1, p(a'™) Koz, x)q(k; k') )
p(

al®), klo2, 2)q(k's k) [T} 41 N(0;10,02)
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Figure 2. Model order evolution using the partial analytic sampler.

and the form of the fraction term is inverted for ¥’ < k. We refer to this simple reversible
jump implementation as the “stepwise” sampler. In all other respects the two methods are
identical, both including a “within model” Gibbs move for a®) and Jg at each iteration. The
prior for a*) was N (0,0.1 I), and for o2, IG(10~>,10~>). The proposal distribution for
the model orders, ¢(.;.) has a discretised Laplacian shape, centered on the current model
order. Note that this allows fairly frequent proposals to model orders which are distant from
the current model.

The initial model order was assigned randomly from a uniform distribution over integers
1 to 30. The AR parameters were initialized to zero. The first step of the sampler was
a Gibbs draw for o2, so this does not require initialization. Results for 30 runs of the
partial analytic sampler are superimposed in Figures 2 and 3, showing the consequences of
randomly assigned initial model orders. We show only the initial hundred iterations as the
sampler has always stabilized within the first few tens of iterations. By contrast we show
the same results for the stepwise sampler under exactly the same initialization conditions
and proposing the new parameters from a zero mean normal distribution with variance
o2 = 0.1. Note the different axis scaling for iteration number. The stepwise sampler has
often not settled down within the first 1,000 iterations and changes state relatively rarely.
‘We do not claim that to have optimized the standard reversible jump implementation here as
there are many possible options; however, this comparison gives a reasonable flavor of the
improvements which are achievable automatically, without any parameter tuning, simply
through the use of the analytic structure of the model.
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Figure 5.  Evolution of o using the stepwise sampler.

3. DISCUSSION

This article presents a unifying framework for MCMC model uncertainty schemes,
which includes as special cases the existing methods for treatment of the problem using
reversible jump or the Carlin and Chib approach. We have demonstrated further that there
are close relationships between these methods and MCMC variable selection techniques for
model space sampling. Simple analysis has shown that pseudo-priors (in the case of Carlin
and Chib and MCMC variable selection) and parameter proposal distributions (in the case
of reversible jump) which are designed to be close to the full posterior conditional for the
parameters are likely to lead to very effective performance of both methods. Furthermore,
we have proposed methods for taking advantage of partial analytic structure in a particular
model to achieve efficient model space moves.

The reversible jump scheme is a very effective way to apply a Metropolis—Hastings
sampler to the composite space. One of its major advantages over Carlin and Chib’s approach
is that the values of parameters from models other than the two being compared at any
given iteration (i.e., k and k”) need not be updated or stored and pesudo-priors need not be
devised. This is crucial for the large (or even infinite) sets of models which might need to be
considered. However, it should be noted that many problems exist where there is no obvious
way to construct a reversible jump proposal to a new model based on the parameters of the
current model in the MCMC output. In such cases it would be desirable to use some elements
of parameter blocking for the new model’s parameters. Such a scheme is feasible for the
Carlin and Chib approach and its Metropolized versions, although choice of pseudo-prior
will still be a troublesome aspect. It would seem that some hybrid approach that adopts the
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best aspects of reversible jump and Carlin and Chib is required, although the development of
such a procedure is still an open issue. The composite framework presented here, however,
provides a possible starting point for such a scheme.

We believe that the solution of model uncertainty problems using MCMC is an impor-
tant field in which there have been significant advances over recent years. However, there
are a number of technical challenges still to be solved. As with any MCMC procedure,
convergence assessment will be an important aspect of any practical scheme. This is a topic
that is still in its infancy for the variable dimension samplers, although some suggestions
and insight can be found in Brooks and Giudici (1999), who proposed monitoring the statis-
tics of multiple independent chains in the same spirit as Gelman and Rubin (1992). Our
practical experience confirms that a parallel chain approach, initializing samplers in models
with widely differing characteristics, gives important diagnostic information. There are, of
course, modeling scenarios where the current methods are infeasible. As implied elsewhere
in this article, this may occur when there is little or no structural relationship between
different candidate models and hence it is very hard to construct effective model jumping
proposals. If in addition the models concerned are individually complex and require so-
phisticated blocking strategies to sample from, even in the single model case, then current
methods are likely to be ineffective in the presence of model uncertainty. In these cases the
only option currently will be to perform direct estimation of marginal likelihoods within
each model, a procedure that is not readily implemented when the number of candidate
models is very large. It is these cases then that demand the attention of researchers over
coming years and we hope that the material presented here provides one possible framework
for the development of improved strategies.
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