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GOAL : Efficient, rate-optimal codes for

e Lossy Compression
e Point-to-point communication

e Multi-terminal models:
- Compression with decoder side info (Wyner-Ziv)
- Communication with encoder side info (Gelfand-Pinsker)

- Multiple-access, broadcast, multiple descriptions, ...
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Achieving the Shannon limits

Textbook Constructions
@ Random codes for point-to-point source & channel coding

@ Random Binning, Superposition

@ High Coding and Storage Complexity

- exponential in block length n
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Achieving the Shannon limits

Textbook Constructions
@ Random codes for point-to-point source & channel coding

@ Random Binning, Superposition

@ High Coding and Storage Complexity
- exponential in block length n

@ WANT: Compact representation + fast encoding/decoding
‘Fast’ = polynomial in n
o LDPC/LDGM codes, Polar codes

- For finite-alphabet sources & channels
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In this talk ...

@ Ensemble of codes based on sparse linear regression

@ Provably achieve rates close to info-theoretic limits

- with fast encoding + decoding

@ Based on construction of Barron & Joseph for AWGN channel
- Achieve capacity with fast decoding [ISIT '10, Arxiv '12]

15



Source Coding

R bits/sample

Codebook

o Distortion criterion: 1[|S —§|)2 =13, (S — S)?

e For i.i.d N(0,02) source, min distortion = &

2e—2R

6nR
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Source Coding

R bits/sample

Codebook || (R

o Distortion criterion: 1[|S —§|)2 =13, (S — S)?
o For i.i.d N(0,02) source, min distortion = o2e 2R
@ Can we achieve this with low-complexity algorithms?

- Computation & Storage




Sparse Regression Codes (SPARC)

n rOwWs

T

B: [07 07617 0702707 CL,O, ,0

@ A: design matrix or ‘dictionary’ with ind. A(0, 1) entries J

@ Codewords AQ - sparse linear combinations of columns of A




SPARC Construction

Section 1 Section 2 Section L
M columns _ . M columns M columns
-

7 TOWS

n rows, ML columns J
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SPARC Construction

Section 1 Section 2 i
- M columns _ M columns Jection L

M columns

7 TOWS

A

6: [07 Oachl 07 CQvoa | 3 CL,O, 70

n rows, ML columns )

Choosing M and L:
@ For rate R codebook, need ML = e’




SPARC Construction

Section 1 Section 2 Section L
_ M columns _ . M columns _ M eccollflmmns
B | | ! ] 4
A: | | |
I | | n TOWS
L . ! ! R
| | , T
/8: [07 0’617: 07 (:2707 : : CL707 70
n rows, ML columns J

Choosing M and L:
o For rate R codebook, need ML = e
@ Choose M polynomial of n = L ~ n/logn
@ Storage Complexity <> Size of A: polynomial in n
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An Encoding Algorithm

M columns

A: Section 1

B0, O 3 3

Step 1: Choose column in Sec.1 that minimizes ||S — ciA;

- Max among inner products (S, A;)

I?

n rows
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An Encoding Algorithm

M columns

A: Section 1

B0, O 3 3

Step 1: Choose column in Sec.1 that minimizes ||S — ciA;

- Max among inner products (S, A;)

- Residue Ry =S — 1A

I?

n rows
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An Encoding Algorithm

M columns

A | Section 2 i i

B: { 0, 9,0,

Step 2: Choose column in Sec.2 that minimizes ||R; — o A;||?

- Max among inner products (Ry, A;)

- Residue R, = Ry — c2A2

n rows
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An Encoding Algorithm

— | | \<—>
A 3 3 3 Section L
. | | | ar
6' | | ' CL, 07 ) 0

Step L: Choose column in Sec.L that minimizes ||R.—1 — c; A2

- Max among inner products (R;_1,Aj)

- Final residue Ry = R;_1 — CLAL

M columns

n rOws




Performance

Theorem
2

’

For any ergodic source of variance o
P ( Distortion > o2e 2R + A) < e cta

for
1

A > .
~ logM

Encoding Complexity

ML inner products and comparisons = polynomial in n

Storage Complexity
Design matrix A: n x ML = polynomial in n
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Simulation

Distortion
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Gaussian source: Mean 0, Variance 1

Parameters: M=L%, Le[30,100]

Shannon limit

Rate (bits/sample)
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Why does the algorithm work?

M columns

A: Section 1 n TOWS
B o, 0,1, | | ]
Each section is a code of rate R/L (L ~ |O'g7,,) J

@ Stepl: S — R =S — cA

2R 2Ro?
|R1‘2%0'2 (1——) if = g

L L
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Why does the algorithm work?

M columns

A i Section 2 i n Tows
62 [ 307 C, 07 }T
Each section is a code of rate R/L (L ~ |Og,,)
°oStepl: S — Ry =S-ah;
2R 2Ro?
Ri[* ~ o (1_L> fa=\=

o Step 2: ‘Source' Ry — Ry =R; — CQAQ
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Why does the algorithm work?

M columns

n rows

A: | ' Section i

B | 1 0,60 I

log n

Each section is a code of rate R/L (L ~ ) J

o Step i: ‘Source’ Rj_1 — R;=Rj_1 — ciA;

2R 2R\’
12 ~ |R;_1|? - )= -
IR IRi_1] <1 T > o <1 T >
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Why does the algorithm work?

M columns

— R T E—
| 4
A 3 3 3 Section L
— ' : ! v
. | T
/8' [ | | L CL,y 07 ) 0

Each section is a code of rate R/L (L ~ 52)

n TOWS

2R\ "
Final Distortion: |R;|? ~ o2 (1 — T) < o2 2R

L-stage successive refinement L ~ n/logn




Why does the algorithm work?

M columns

— R T E—
| 4
A 3 3 3 Section L
— ' : ! v
. | T
/8' [ | | L CL,y 07 ) 0

Each section is a code of rate R/L (L ~ 52)

n TOWS

2R\ "
Final Distortion: |R;|? ~ o2 (1 — T) < o2 2R

The deviations in each step can be significant!




Proof Sketch

IR;|> = 02 (1—2R> (1+A4;)? i=0,...

L

N—
‘Typical Value'

KEY: Controlling the final deviation A,

, L

12 /15



Proof Sketch

2R\’
Ri|* =0 (1_L> (L+4A)?% i=0,...,1L

N————
‘Typical Value'

KEY: Controlling the final deviation A,

Deviation due to ...
e Source: |S|? = o?(1+ Ap)?
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Proof Sketch

Ril* = o (1_2}?) (1+00)° i=0,...,L

N————
‘Typical Value'

KEY: Controlling the final deviation A,

Deviation due to ...
o Source: |S|? = o?(1 + Ag)?
o Dictionary columns:  |A;>=1+~;, 1<j<ML
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Proof Sketch

2R\’
Ri|* =0 (1_L> (L+4A;)? i=0,...,1L

N—
‘Typical Value'

KEY: Controlling the final deviation A,

Deviation due to ...
e Source: |S|? = o?(1+ Ap)?
o Dictionary columns:  |A;>=1+~;, 1<j<ML
o Computed value:

R;_
max <”R'—1H,Aj> =+/2logM (1+¢;), 1<i<L
i—1

J
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Proof Sketch

IR|> = 02 (1—§> (1+A4)? i=0,...,L J

Recursion:

2R/L

1+ A2 =140+ ——
(1+A7)" =1+ 1)+1—2R/L

(A2 1 + Yi — 26,‘(1 + A,'_l))
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Proof Sketch

|R;]2:a2(1—¥) (1+A4)? i=0,...,L J

|AL| S C

4R = |yl &l
Dol TR W (Z; T L)]
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Proof Sketch

2R
IR|> = 02 (1--) (1+A4)? i=0,...,L J

|AL| < C

4R a 1yl a
e AR AJ,
’AOH( —2R/L)w z:: L z:: L
Large deviations bounds

poa >, (51 20). A(3 1)

Fall exponentially in L
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Summary

Sparse Regression Codes

@ Rate-optimal compression with polynomial-time encoding

@ Successive refinement based encoder:
- Prob. of excess distortion falls exponentially in L

1
—BUtANIOg—M

Theorem [RV-Joseph-Tatikonda, ISIT '12]

With ML encoding, SPARCs attain the rate-distortion function
with the optimal error-exponent for all D < Dy.
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Future Directions

@ Improved coding algorithms

- Adaptive successive decoding, £1 minimization etc.?
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Future Directions

@ Improved coding algorithms
- Adaptive successive decoding, £1 minimization etc.?

@ Nice structure that enables
- Binning (Wyner-Ziv, Gelfand-Pinsker) [Allerton '12]
- Superposition (Multiple-access, Broadcast)

- Interference channels, Multiple descriptions ...?

@ General design matrices

@ Finite-field analogs - binary SPARCs
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