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An Achievable Rate Region for the Broadcast
Channel With Feedback
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Abstract—A single-letter achievable rate region is proposed for
the two-receiver discrete memoryless broadcast channel with gen-
eralized feedback. The coding strategy involves block-Markov su-
perposition coding using Marton’s coding scheme for the broad-
cast channel without feedback as the starting point. If the mes-
sage rates in the Marton scheme are too high to be decoded at the
end of a block, each receiver is left with a list of messages compat-
ible with its output. Resolution information is sent in the following
block to enable each receiver to resolve its list. The key observa-
tion is that the resolution information of the first receiver is cor-
related with that of the second. This correlated information is ef-
ficiently transmitted via joint source-channel coding, using ideas
similar to the Han—Costa coding scheme. Using the result, we ob-
tain an achievable rate region for the stochastically degraded ad-
ditive white Gaussian noise broadcast channel with noisy feedback
from only one receiver. It is shown that this region is strictly larger
than the no-feedback capacity region.

Index Terms—Achievable rate region, broadcast channel (BC),
capacity region, feedback.

I. INTRODUCTION

HE two-receiver discrete memoryless broadcast channel

(BC) is shown in Fig. 1(a). The channel has one trans-
mitter which generates a channel input X, and two receivers
which receive Y and Z, respectively. The channel is charac-
terized by a conditional law Fy-zx. The transmitter wishes
to communicate information simultaneously to the receivers at
rates ( Ry, R1, R2), where Ry, is the rate of the common mes-
sage, and R;, Ry are the rates of the private messages of the
two receivers. This channel has been studied extensively. The
largest known set of achievable rates for this channel without
feedback is due to Marton [1]. Marton’s rate region is equal to
the capacity region in all cases where it is known. (See [2], for
example, for a list of such channels.)

Fig. 1(b) shows a BC with generalized feedback. S,, repre-
sents the feedback signal available at the transmitter at time
n. This model includes noiseless feedback from both receivers
(8, = (Y,, Z,)), partial feedback (S,, = Y,,) as well as noisy
feedback (S,, = Y, +noise). El Gamal showed in [3] that feed-
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back does not enlarge the capacity region of a physically de-
graded BC. Later, through a simple example, Dueck [4] demon-
strated that feedback can strictly improve the capacity region of
a general BC. For the stochastically degraded AWGN BC with
noiseless feedback, an achievable rate region larger than the
no-feedback capacity region was established in [5], and more
recently, in [6]. A finite-letter achievable rate region (in terms
of directed information) for the discrete memoryless BC with
feedback was obtained by Kramer [7]; using this characteriza-
tion, it was shown that rates strictly outside the no-feedback ca-
pacity region could be achieved for the binary symmetric BC
with noiseless feedback.

In this paper, we establish a single-letter achievable rate re-
gion for the memoryless BC with generalized feedback. We use
the proposed region to compute achievable rates for the stochas-
tically degraded AWGN BC with noisy feedback from one re-
ceiver, and show that rates strictly outside the no-feedback ca-
pacity region can be achieved.

Before describing our coding strategy, let us revisit the ex-
ample from [4]. Consider the BC in Fig. 2. The channel input
is a binary triple (X, X1, X2). Xg is transmitted cleanly to
both receivers. In addition, receiver 1 receives X1 & N and re-
ceiver 2 receives X2 @ N, where IV is an independent binary
Bernoulli () noise variable. Here, the operation & denotes the
modulo-two sum. Without feedback, the maximum sum rate for
this channel is 1 bit/channel use, achieved by using the clean
input X alone. In other words, no information can be reliably
transmitted through inputs X; and Xo.

Dueck described a simple scheme to achieve a greater sum
rate using feedback. In the first channel use, transmit 1 bit to
each receiver 7 through X;, + = 1, 2. Receivers 1 and 2 then re-
ceiveY = X7 @& N and Z7 = X, @ N, respectively, and cannot
recover X,;. The transmitter learns Y, Z through feedback and
can compute N =Y @ X1 = Z @ X». For the next channel use,
the transmitter sets Xy = N. Since X is received noiselessly
by both receivers, receiver 1 can now recover X; asY @V, Sim-
ilarly, receiver 2 reconstructs X as Z ¢ N. We can repeat this
idea over several transmissions: in each channel use, transmit a
fresh pair of bits (through X, X») as well as the noise realiza-
tion of the previous channel use (through Xj). This yields a sum
rate of 2 bits/channel use. This is, in fact, the sum-capacity of
the channel since it equals the cut-set bound maxp, I(X;Y Z).

The example suggests a natural way to exploit feedback in a
BC. If we transmit a block of information at rates outside the
no-feedback capacity region, the receivers cannot uniquely de-
code their messages at the end of the block. Each receiver now
has a list of codewords that are jointly typical with its channel
output. In the next block, we attempt to resolve these lists at
the two receivers. The key observation is that the resolution in-
formation needed by receiver 1 is in general correlated with the
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Fig. 1. Discrete memoryless BC with (a) no feedback and (b) generalized feed-

back.
/> Y = (X0, X1 @ N)
\> Z = (Xo, X, ® N)

Fig. 2. Channel input is a binary triple (Xq, X1, X2). N ~ Bernoulli %) is
an independent noise variable.

X = (Xo, X1, X3)

———| Channel

resolution information needed by receiver 2. The above example
is an extreme case of this: the resolution information of the two
receivers is identical, i.e., the correlation is perfect!

In general, the two receivers’ resolution information are not
perfectly correlated, but can still be transmitted over the BC
more efficiently than independent information. This is analo-
gous to transmitting correlated sources over a BC using joint
source-channel coding [8]-[12]. At the heart of the proposed
coding scheme is a way to represent the resolution information
of the two receivers as a pair of correlated sources, which is
then transmitted efficiently in the next block using joint source-
channel coding, along the lines of [8]. We repeat this idea over
several blocks of transmission, with each block containing in-
dependent fresh information superimposed over correlated res-
olution information for the previous block.

The following are the main contributions of this paper.

1) We obtain a single-letter achievable rate region for the dis-
crete memoryless BC with generalized feedback. The pro-
posed region contains three extra random variables in ad-
dition to those in Marton’s rate region.

2) Using a simpler form of the rate region with only one
extra random variable, we compute achievable rates for
the AWGN BC with noisy feedback. It is shown that rates
outside the no-feedback capacity region can be achieved
even with noisy feedback from only one receiver. This is
the first characterization of achievable rates for the AWGN
BC with noisy feedback at finite SNR, and is in contrast to
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the finding in [13] that noisy feedback does not increase
the prelog of the sum-capacity as the SNR grows asymp-
totically large.

One feature of the proposed region is that it includes the case
where there a common message to be transmitted to both re-
ceivers, in addition to their private messages. The previously
known schemes for the AWGN BC with noiseless feedback [5],
[6] assume that there is no common message.

At the conference where our result was first presented [14],
another rate region for the BC with feedback was proposed inde-
pendently by Shayevitz and Wigger [15]. Though a direct com-
parison of the two regions does not appear feasible, we show
that the rates for the examples presented in [15] and [16] can
also be obtained using the proposed region.

Notation: We use uppercase letters to denote random vari-
ables, lowercase for their realizations, and calligraphic notation
for their alphabets. Boldface notation is used for random vec-
tors. Unless otherwise stated, all vectors have length n. Thus,
A2 A 2 (A41,..., A,) represents a random vector, and
a2 a" 2 (a1,...,a,) a realization. The e-strongly typical
set of block-length n of a random variable with distribution P
is denoted A" (P). 6(e) is used to denote a generic positive
function of e that goes to zero as € — 0. Logarithms are with
base 2, and entropy and mutual information are measured in bits.
Fora € (0,1), @ £ 1 — . @ denotes modulo-two addition.

In the following, we give an intuitive description of a
two-phase coding scheme for communicating over a BC with
noiseless feedback. We will use the notation ~ to indicate the
random variables used in the first phase. Thus, (Y, Z) denotes
the channel output pair for the first phase, and (Y, Z) the
output pair for the second phase. We start with Marton’s coding
strategy for the discrete memoryless BC without feedback. The
message rates of the two receivers are assumed to lie outside
Marton’s achievable rate region. Let U, V', and W denote the
auxiliary random variables used to encode the information. W
carries the information meant to be decoded at both receivers. U
and V' carry the rest of the information meant for the receivers
1 and 2, respectively. The U- and V -codebooks are constructed
by randomly sampling the U- and V'-typical sets, respectively.
Let U, V, and W denote the three random codewords chosen
by the transmitter. The channel input vector X is obtained by
“fusing” the triple (U, V, W),

Since the rates lie outside Marton’s region, the receivers may
not be able to decode the information contained in U, V', and
W. Instead, they can only produce a list of highly likely code-
words given their respective channel output vectors. At the first
decoder, this list is formed by collecting all (I, W)-codeword
pairs that are jointly typical with the channel output. A similar
list of (V, W)-codeword pairs is formed at the second receiver.
Note that even with feedback, the total transmission rate of the
BC cannot exceed the capacity of the point-to-point channel
with input X and outputs (Y, Z) (since the channel is mem-
oryless). Hence, given both channel output vectors (Y, Z), the
posterior probability of the codewords will be concentrated on
the transmitted codeword triple. .

At the end of the first phase, the feedback vector S is avail-
able at the encoder. In the second phase, we treat (U, W) as the
source of information to be transmitted to the first decoder, and
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(\7, W) as the source of information to be transmitted to the
second decoder. The objective in the second phase is to com-
municate these two correlated pairs over the BC, while treating
S as source state information and Y and Z as side-information
available at the two receivers. This is accomplished using a joint
source-channel coding strategy. Transmission of correlated in-
formation over a BC has been addressed in [8] and [11].

In the Han—Costa framework [8], the correlated information
is modeled as a pair of memoryless sources characterized by a
fixed single-letter distribution. The pair of sources is first cov-
ered using codebooks constructed from auxiliary random vari-
ables; the covering codewords are then transmitted over the BC
using Marton coding. The current setup differs from [8] in two
ways. First, the correlated information given by (U, W) and
(V. W) does not exhibit a memoryless-source-like behavior.
This is because the vectors fJ, \7, and W come from code-
books. However, when the codewords are sufficiently long and
are chosen randomly, (U, V, W) will be jointly typical and can
be covered using auxiliary codebooks similar to [8]. The second
difference from [8] is the presence of source state information S
and side-information Y and Z available at receivers 1 and 2, re-
spectively. We handle this by extending both the covering and
channel coding steps of the Han—Costa scheme to incorporate
the side-information. Thus, at the end of the second phase, the
decoders are able to decode their respective messages.

We will superimpose the two phases using a block-Markov
strategy. The overall transmission scheme has several blocks,
with fresh information entering in each block being decoded
in the subsequent block. The fresh information gets encoded in
the first phase and is superimposed on the second phase which
corresponds to information that entered in the previous block.

It turns out that the performance of such a scheme cannot be
directly captured by single-letter information quantities. This is
because the state information, given by the channel outputs of
all the previous blocks, keeps accumulating, leading to a dif-
ferent joint distribution of the random variables in each block.
We address this issue by constraining the distributions used in
the second phase (Definition 3) so that in every block, all the
sequences follow a stationary joint distribution. This results in
a first-order stationary Markov process of the sequences across
blocks.

The rest of this paper is organized as follows. In Section II, we
define the problem formally and state the main result, an achiev-
able rate region for BC with generalized feedback. We outline
the proof of the coding theorem in Section III. In Section IV,
we use the proposed region to compute achievable rates for the
AWGN BC with noisy feedback. We also compare our region
with the one proposed by Shayevitz and Wigger. The formal
proof of the coding theorem is given in Section V. Section VI
concludes this paper.

II. PROBLEM STATEMENT AND MAIN RESULT

A two-user discrete memoryless BC with generalized feed-
back is a quintuple (X, Y, Z, S, Py z5|x) of input alphabet X,
two output alphabets ), Z, feedback alphabet S, and a set of
probability distributions Py zgx (-|z) on Y x Z x § for every
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x € X. The channel satisfies the following conditions for all
n=12...

n—1

; n—1 _n—-1
PF(KL = Yn; Ly = Zns Sn = Sn‘xn7y :Zn an )

)

for all (¢, Zn; 5n) € ¥ x Z x Sand (z",y" "1, 2" 15" 1) e
Y1 x 8"~ x Z* ! The schematic is shown in Fig. 1(b). We
note that the BC with noiseless feedback from both receivers is
a special case withS = Y x Z,and S, = (Y., Z,,).
Definition 1: An (n, My, M. Ms) transmission system for a
given BC with generalized feedback consists of
* A sequence of mappings for the encoder: for m =
1,2,...,n

= PYZS\)( (y'rw Zys Sn|mn)

6771:{1727 M()}X{l ZMl}

x{1,2,....My} x 8™ ! = X. )
* A pair of decoder mappings:
N A {1 2,..., IW(]} X {1 2 ..... Ml}
Q.Z"—>{1,2,...,1M0}x{1,2,...,M2}. (3)

Remark: Though we have defined the transmission system
above for feedback delay 1, all the results in this paper hold for
feedback with any finite delay &.

We use Wy to denote the common message, and Wy, W,
to denote the private messages of decoders 1 and 2, re-
spectively. The messages (Wy, Wy, Ws) are uniformly dis-
tributed over the set {1,2,.. .,AMO} x {1,2,... , M1} x
{1,2,...,M5}. The channel input at time n is given by
X, = en(Wy, Wy, W, S”‘l). The average error probability
of the above transmission system is given by

My My M,

= 1\401\/[1]\/[2 ZZZP ' J k)

k=1i=1 j3=1

“

where P.(i, 7, k) equals

Pr((g1(Y"). g2(Z2")) # ((k,2). (K, ) [Wo, Wi, Wa = k.1, ).

Definition 2: A triple of nonnegative real numbers
(Rg, 1, Ry) is said to be achievable for a given BC with
feedback if Ve > 0, there exists an N(e) > 0 such that for
all n > N{(e), there exists an (n, My, My, M>) transmission
system satisfying the following constraints:

1 1
—IOg]\/f[] > Ry — €, — logzwl >Ry — €,
n n

T <€ ®)]

l 10%]\/[2 2 Rg — €,
n
The closure of the set of all achievable rate pairs is the capacity
region of the channel.

We now define the structure for the joint distribution of all the
variables in our coding scheme. Due to the block-Markov nature
of the scheme, the random variables carrying the resolution in-
formation in each block depend on the variables corresponding
to the previous block. In order to obtain a single-letter rate re-
gion, we need the random variables in each block to follow the
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same joint distribution, say P. Hence, after each block of trans-
mission, we generate the variables for the next block using a
Markov kernel () that has invariant distribution P. This will
guarantee a stationary joint distribution P in each block.
Definition  3: Given a BC with feedback
(X,Y.2,8, Pyzs|x), define P as the set of all distri-
butions PonU x Vx Ax BxCx X xY x Z xS of the form

Papc Pyviasc Pxiascuv Pyzsix,

where A, B, C, U, and V are arbitrary sets. Consider two
sets of random variables (U, V,A,B,C, XY, Z,5) and

(U,V,A,B,C,X.Y,Z.8S) each having the same distribution
P For brevity, we often refer to the collection (A,B,S)as K,
to (A,B,5) as K,and to A x B x S as K. Hence

Poverxvz = Puovexxyz = P.

For a given P € P, define Q(PF) as the set of conditional
distributions () that satisfy the following consistency condition:

P4Bc(a, b, (‘) =

Z QABC iela, b, cli, /;’76) Povie(a. v, k, ,C)
(a, U‘,k_(,)e
UXVYXKEXC
(6)

for all (a,b,c). Then, for any P € P and Q € Q(P), the
joint distribution of the two sets (U, V. K,C,X,Y,Z) and
(U, V,K,C,X.,Y,Z)is

""""" ver PvvixyziaBe- 7N
With the above definitions, we have the following theorem.
Theorem 1: Given a BC with generalized feedback

(X, Y. 2,8, Pyzs|x), for any distribution P € P and

@ € Q(P), the convex hull of the following region is achiev-

able:

Ro+ Ry < (UAC;YY|AC) — I(VBS; AC|UAC) (8)
Ro+ Ry < I(VBC; ZZ|BC) — I(UAS; BC|[VBC)  (9)
Ro+ Ri+ Ry < I(UAC;YY|AC) — I(VBS; AC|UAC)
+I(V;C|BC) 4+ I(VB; ZZ|CBC)
— I(UASA;B|CVBC)-T (10)

Ro+ Ry + Ry < I(VBC; ZZ|BC) — I(UAS; BO|VBC)
+ I(U;C|AC) + I(UA; YY |CAC)

— I(VBSB; A|ICUAC) - T (11)
2Ry + R1 + Ry < I(UAC;YY|AC) — I(VBS; AC|UAC)

+ I(VBC; ZZ|BC) — I(UAS; BC|VBC)

—I(A;B|CCUVK) - T (12)
Ro < min{7y,75. 75,74, 75} (13)
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where K = (A4, B, S) and
T 2 H(U|AC) + H(V|BC) — HUV|ABC),
T 2I(AC;YY A|CU) — I(VK; AC|CU),
T, £ I(BC; ZZB|CV) — I{UK; BO|CV),
T3 2I(AC;YY A|CU) — I(VK; AC|CU)
+1(B; ZZB|CVC) — (UK A; B|OCV),
T.2I(A;YYA|ICUC) — I(UK: BC|CV)
+ I(BC; ZZB|CV) — (VK B; A|CCU),

1 e
LA (71 s _I(A;B|OCUVK)) .

Proof: This theorem is proved in Section V.

Remarks:

1) The input mapping Px|apcrvyv in the set of distri-
butions P can be assumed to be deterministic, i.e.,
X = f(4,B,C.UYV) for some function f. This is
because for a fixed Papcyyv, optimizing the rate re-
gion is equivalent to maximizing a convex functional
of Px|apouyv. Hence, the optimum occurs at one of
the corner points, which corresponds to a deterministic
PxaBouv-

2) We can recover Marton’s achievable rate region for the BC
without feedback by setting A = B = ¢, and C' = W with

Qejgrie = Fw.

III. CODING SCHEME

In this section, we give an informal outline of the proof of
Theorem 1. The formal proof is given in Section V. Let us first
consider the case when there is no common message (129 = 0).
Let the message rate pair (21, I22) lie outside Marton’s achiev-
able region [1]. The coding scheme uses a block-Markov super-
position strategy, with the communication taking place over L
blocks, each of length 7.

In each block, a fresh pair of messages is encoded using the
Marton coding strategy (for the BC without feedback). In block
[, random variables U and V' carry the fresh information for
receivers 1 and 2, respectively. At the end of this block, the re-
ceivers are not able to decode the information in (U, V') com-
pletely, so we send “resolution” information in block (I + 1)
using random variables (A, B, C'). The pair (A4, C) is meant
to be decoded by the first receiver, and the pair (B, C') by the
second receiver. Thus, in each block, we obtain the channel
output by superimposing fresh information on the resolution
information for the previous block. At the end of the block,
the first receiver decodes (A, C'), the second receiver decodes
(B, ), thereby resolving the uncertainty about their messages
of the previous block.

Codebooks: The A—, B—, and C-codebooks are constructed
on the alphabets A, 3, and C, respectively. The exact procedure
for this construction, and the method for selecting codewords
from these codebooks will be described in the sequel. Since
(A, C) is decoded first by receiver 1, conditioned on each code-
word pair corresponding to the A- and C'-codebooks, we con-
struct a U-codebook of size 2771 by generating codewords ac-
cording to Pr| 4¢ . Similarly, for each codeword pair in the B—
and C'-codebooks, we construct a V-codebook of size 271% by
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generating codewords according to Py . Each U-codebook
is divided into 21 bins, and each V -codebook into 2% bins.

Encoding: In each block [, the encoder chooses a tuple of five
codewords (A;. B;, C;, U;, V) as follows. The resolution in-
formation for block (1 — 1) is used to select (A, B;, C;) from
the A—, B—, and C-codebooks. C; determines the U— and
V -codebooks to be used to encode the message pair of block Z.
Denoting the message pair by (17217, ma;), the encoder chooses
a U-codeword from bin m1; of the I/ -codebook and a V' -code-
word from bin mo; of the V'-codebook that are jointly typical
according to Py 4pc. This pair of jointly typical codewords
is set to be (Uy, V).

By standard joint-typicality based covering arguments
(see, e.g., [17]), this step is successful if the product of

the sizes of U-bin and V-bin is exponentially larger than
on(H(UIAC)+H(V|BC)~H(UV[ABC)) Therefore, we have

RI+Ry,—Ry— Ry > HU|ACY+H(V|BC)-H(UV|ABC).

(14)
These five codewords are combined using the transformation
Py apcuv (applied componentwise) to generate the channel
input X;.

Decoding: After receiving the channel output of block 7,
receiver 1 first decodes (A;, C,;), and receiver 2 decodes
(B;, C;). However, the rates R}, I?, of the U- and V'-code-
books are too large for receivers 1 and 2 to uniquely decode
U, and V|, respectively. Hence, receiver 1 is left with a list of
U -codewords that are jointly typical with its channel output Y;
and the just-decoded resolution information (A;, C,); receiver
2 has a similar list of V-codewords that are jointly typical
with its channel output Z;, and the just-decoded resolution
information (B, C;). The sizes of the lists are nearly equal
to 2n(B1—1{UY]A0) gpd on(Ba—1(ViZ|IBC) regpectively. The
transmitter receives feedback signal S; in block / and resolves
these lists in the next block as follows.

In block (/ 4 1), the random variables of block / are repre-
sented using the notation ~. Thus, we have

ﬁl+1 = Ul7 vl—"-l = Vla él—i—l = Cla
A=A, B =B, 8,4, =85,

The random variables (U, V, A, B.C.Y, Z,S) in block [ are
jointly distributed via PapcPuviapcPyzsiapcry chosen
from P as given in the statement of the theorem.

For block I + 1, (U1, Vi11) = (U, V;) can be consid-
ered to be a realization of a pair of correlated “sources” (U and
V), jointly distributed according to PUW 3ape along with the
transmitter side information given by (A;,H., ]§l+1, S 1+1), and
the common side-information C; 1. The goal in block (I + 1)
is to transmit this pair of correlated sources over the BC, with

1) Receiver 1 needing to decode Uiy, treating

(Ary1, Y1, Cppq) as receiver side-information,
2) R~eceive~r 2 needing to decode Vi,
(Bis1,Zyy1,Cry1) as receiver side-information.

We use the ideas of Han and Costa [8] to transmit this pair of
correlated sources over the BC (with appropriate extensions to
take into account the different side-information available at the

treating
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transmitter and the receivers). This is shown in Fig. 3. The triplet
of correlated random variables (A, B, C) is used to cover the
sources. This triplet carries the resolution information intended
to disambiguate the lists of the two receivers. The random vari-
ables of block (I + 1), given by (4, B, C), are related to the

Q given in the statement of the theorem. We now describe the
construction of the A-, B-, and C'- codebooks.

For brevity, we denote the collection of random variables
(A,B.S)as K,and (A;,B;,S;) as K; = K;41.

Covering the Sources: For each ¢ € C™, a C-codebook
Wc(€) of rate po is constructed randomly from Pgs. For
every realization of u € U™, ¢ € C”, and ¢ € C", an A-code-
book W, (11, €, c) of rate p; is constructed with codewords
picked randomly according to P, ¢ For every realization
of v € V*, & € C",and ¢ € C", a B-codebook U5(¥,¢€,c)
of rate ps is constructed with codewords picked randomly
according to PB\VC‘C'I

At the beginning of block (/ + 1), for a given realiza-
tion (Ujy1, Vg1, Kip1, Cig1), of correlated “sources,” and
side information, the encoder chooses a triplet of codewords
(A111,Byy1, Cpy1) from the appropriate A-, B- and C'-code-
books such that the two tuples are jointly typical according to
Prige@ ABCITRVE- The channel input X, ; is generated
by fusing this (Aj41, Biy1, Ciq1) with the pair of codewords
(Ui41, Vi11), which carry fresh information in block (! + 1).

Now consider the general case when Ry > 0. We can use
the random variable C' to encode common information to be
decoded by both receivers. Hence, C' serves two purposes: it is
used to 1) cover the correlated sources and transmitter side-in-
formation and is thus part of the resolution information, and 2)
to carry fresh information that is decoded by both receivers. We
note that in every block, two communication tasks are being
accomplished simultaneously. The first is joint source-channel
coding of correlated sources over the BC, accomplished via
(A, B, C); the second is Marton coding of the fresh informa-
tion, accomplished via (U, V,C).2 C can be made to assume
the dual role of the common random variable associated with
both these tasks.

Analysis: For this encoding to be successful, we need the fol-
lowing covering conditions. These are the same conditions that
appear in the Han—Costa scheme (see [18, Lemma 14.1]), with
(U, K) and (V, K) assuming the roles of the two sources being
covered?

po > I(UKV;C|C) + Ry (15)
po+p1 > I(VK; A|CCU) + (UKV;C|C) + Ry (16)
po+p2 > I({UK; B|CCV) + I(UKV;C|C) + Ry (17)

po + p1+ p2 > I{VK; A|CCU) + I(UK; B|CCV)
+ I(A; BIUKVCC) + I(UKV; C|C) + Ry. (18)

'We can also construct the A-codebook with codewords picked according
to P,reca, and the B-codebook with codewords picked according to
Pg|vecs- Interestingly, this yields the same final rate region, though the
covering and packing conditions are different.

2Recall that in Marton’s achievable region for the BC without feedback, there
is a random variable W meant to be decoded by both receivers.

3Though K= (A~7 B, 5) is included in the covering, it is not required to be
explicitly decoded at either receiver.
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Side-Information

(5.A4.B.0) CAY
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Source 1: U -
Source 2: V
i / CHANNEL
/
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Msgs. Wy, Wi, Wy ——» .
g, Wo, W1, Wor u,v,c

Encoder

C,B,Z

Fig. 3. Transmitting correlated sources with side-information at the receivers
through (A, B, C'), and fresh information through U, V, C'. C' plays a dual role:
it is used to cover the correlated sources and to carry fresh information.

_ At the end of block (/ + 1), receiver 1 determines U; =
Uy 1 by finding the pair (U1, Aj11, Cry 1) using joint typical
decoding in the composite U-, A-, and C'-codebooks. A similar
procedure is followed at the second receiver. For decoding to be
successful, we need the following packing conditions:

R4 po+p < I(U;YY|AC)+ I(C; Y AYU|C)

+ I(A;YAY|UCO) (19)
Ri+p1 < I(U;YYCJAC) + I(A; YAY|UCC)  (20)
Ry 4 po+p2 < I(V: ZZ|BC) + I(C; ZBZV|C)

+I(B; ZBZ|VCC) 21)
Ry +p2 < I(V; ZZC|BC) + I(B; ZBZ|VCC)  (22)
po+p1 < I(C;YAYU|C)+ I(A; YAY|UCC)  (23)
po+pe < I(C; ZBZV|C) + I(B; ZBZ|VCC)  (24)
m < I(A;YAY|UCCO) (25)
p2 < I(B; ZBZ|VCC). (26)

Performing Fourier—Motzkin elimination on (14), (15)—(18),
and (19)—(26), we obtain the statement of the theorem.

To get a single-letter characterization of achievable rates, we
need to ensure that the random variables in each block follow a
stationary joint distribution. We now ensure that the sequences
in each block are jointly distributed according to

Papc - Puviase - Pxjascuv - Pyzsix (27)
for some chosen Papco, Pyviapc, and Px|apcuv . Suppose
that the sequences in a given block are jointly distributed ac-
cording to(27). In the next block, these sequences become the
source pair (I, V), transmitter side-information (A, B, C, S),
and the side information at the two receivers—(C, A,Y)
and (C‘ .B,Z ), respectively. To cover the source pair with

such that the covering sequences are distributed according to
Papc. This holds when the consistency condition given by
(6) is satisfied. We thereby ensure that the sequences in each
block are jointly distributed according to(27). Our technique
of exploiting the correlation induced by feedback is similar in
spirit to the coding scheme of Han for two-way channels [19].
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We note that the transmitter side information K = (ABS)
is exploited at the encoder in the covering operation implic-
itly, without using codebooks conditioned on K. This is because
this side information is only partially available at the receivers,
with receiver 1 having only (A, Y'), and receiver 2 having only
(B, 4 ). Hence, the coding approach does not depend on any
assumptions on the nature of the generalized feedback signal
S. This is in contrast to communication over a multiple-access
channel with feedback, where there is a significant difference
between noiseless feedback and noisy feedback [20].

IV. SPECIAL CASES AND EXAMPLES

We now obtain a simpler version of the region of Theorem 1
and use it to compute achievable rates for a few examples.

A. Simpler Rate Region

Corollary 1: Given a BC with generalized feedback
(X,Y,2,S, Pyzs|x ), define any joint distribution P of the
form

Pe,Pwuv Pxywove,Pyzs|x (28)

for some discrete random variables W, U,V Cj,. Let
(Co,W,U,V,X,Y,Z,8) and (Co,W,U,V,X,Y,Z,5)
be two sets of variables each distributed according to P and
jointly distributed as

P CoWUVXYZS Qco|éoﬁfm7'§ B WUVXYZS|Co (29)

where QCD CoW TV E is a distribution such that

Pe,(co) =

Z Qg covvirivg(coléo, @, @, , 8)P(éo, @, 0, 9, 5)

(30)

for all ¢g € Cqy. Then, the following region is achievable:
Ry < min{7y, 75} 31
Ro+ R1 < I([UW:Y|Cy) + I(Co; Y Y CoW)

+ I(Co; Y|CoWU) — I(VS; Co|CoW ) (32)
Ro + Ry < I(VW; Z|Cy) + I(Cy; Z| ZCy W)

+ I(Co; Z|CoWV) — I(US; Cy|CoW V) (33)
Ro+ Ry + Ry < IIUW:Y|Co) + I(Cy; YY CoW)

+ I(Co; Y|CoWU) — I(VS; Co|CoW ) (34)

+ I(CoZ; V|CoW) — I(U; VW) (35)
Ro+ Ry + Ry < I(VW; Z|Co) + I1(Co; Z| ZCoW)

+ I(Cy; Z|CoWV) — I(US; Coy|CoW V)

+ 1(CoY; UICoW) — I(U; VW) (36)

2Ry + R1 + Ry < I({UW;Y|Cy) + I(VW; Z|Cy)
+1(Co; Y|Y CoW)+1(Co; Y |CoW U ) —I(V 8; Co|CoW T
+1(Co; Z|ZCyW)+1(Co; Z|CoW V)= T(US; Co |CoW V)
— I(U; VW) (37)
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where A e e .
71 :I(C(]; Y|C()VVU) + I(O()W; Y|YC()WU)

— I(V8;Co|CoW U, (38)
— I(US; Co|CoW V). (39)
Proof: In Theorem 1, set A = B = ¢,and C = (Cyy, W),

with Qoiepvs = Qoywiaawors = Pwlecwevs. For
this choice, we have Q¢ zpvg € Q(P) if (30) is satisfied.

B. AWGN BC With Noisy Feedback

We use Corollary 1 to compute achievable rates for the scalar
AWGN BC with noisy feedback from one receiver. The ob-
tained sum rate is compared with: 1) the maximum sum rate in
the absence of feedback, 2) the achievable region of Bhaskaran
[6] for the case of noiseless feedback from one receiver, and 3)
the Ozarow—Leung achievable region [5] for noiseless feedback
from both receivers. We note that the coding schemes in both [5]
and [6] are linear schemes based on Schalkwijk—Kailath coding
for the AWGN channel [21], and cannot be used when there is
noise in the feedback link [22]. Our rate region also includes the
possibility of a common message to both receivers. The coding
schemes of [5] and [6] are constructed only for private mes-
sages.

The channel, with X = }Y = Z = R, is described by

Y=X+N, Z=X+N>, (40)

where N1, No are Gaussian noise variables (independent of the
channel input X') with zero mean and covariance matrix

2|1 p
KI\H,NQ = (72 |:[) 1:|

where p € [—1, 1]. The input sequence x for each block satisfies
an average power constraint ., #7 < n.P. In the absence of
feedback, the capacity region of the AWGN BC is known [23],
[24] and can be obtained from Marton’s inner bound using the
following choice of random variables:

aP
V=vaP @y, U=vVaP Qi+ —F——=V
aP + o
where « € (0, 1), and @1, Q> are independent (0, 1) random
variables. The Marton sum rate is then given by

1 P
RvaB'ZJ(VﬁZ)+J(U;Y)J(U;V)::Elmg(1+-;5)_

(41)
This is essentially the “writing on dirty paper” coding strategy
[25], [26]: for the channel from U to Y, V' can be considered as
channel state information known at the encoder. We note that
an alternate way of achieving the no-feedback capacity region
of the AWGN BC is through superposition coding [2].4
Using Corollary 1, we now compute an achievable region for
the channel (40) with noisy feedback from transmitter 1 alone.
The feedback signal is given by

S=Y + Ny (42)
4Theorem 1 was established for a discrete memoryless BC with feedback.

These theorems can be extended to the AWGN BC using a similar proof, rec-

ognizing that in the Gaussian case superposition is equivalent to addition.
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where N is additive white Gaussian noise on the feedback link
distributed as A (0, a?). Ny is independent of XY, Z, Ny and
N». To motivate the choice of joint distribution, let us first con-
sider the case of noiseless feedback, i.e., Ny = 0.

Noiseless Feedback: The joint
Pe, Py Pxc,uv 1s chosen as

distribution

V=vaP,Qs, U=+aPLQ1+pV (43)
X:\/P—P100+\/(1P1Q2+\/05P1Q1 (44)

where ()1, )2, Cy are independent Gaussians with zero mean
and unit variance and «t, 8 € (0,1), Py € (0, P) are parameters
to be optimized later.

Next, we define a conditional distribution Q¢ &, 773z that
satisfies (30). Let

N U-E[U)YC
Ty = . [ |“] : (45)
VEIU — E[U1Y G2
Then, define Q¢ & 77 by the relation
Co=vV1-DT +¢ (46)

where ¢ is a A(0,D) random variable independent of
(Co,U.V,Y,Z).

In words, T1 is the normalized error in the estimate of U at re-
ceiver 1. This estimation error is quantized at distortion level D
and suitably scaled to obtain Cy. Thus, in each block, Cy repre-
sents a quantized version of the estimation error at receiver 1 in
the previous block. If we similarly denote by T; the error in the
estimate of V at receiver 2 (replacing U,Y in (45) with V,Z ),
then 75 is correlated with 73. This can be seen by expressing
the estimation errors as

R o? + GAP,\ -
— Bo? — afP\ - Pi(a+ pa) -
+vahP; (W Q2 — TP to? b
(47)
V*E[‘?|Z~C~b] —\V OéPl Ql
— P1 ~ abPy
(lplﬁ Qz — WNQ (48)

We see that correlation coefficient between the estimation er-
rors in (47) and (48) depends on «, 3, p. As long as the correla-
tion is nonzero, C'y simultaneously plays the role of conveying
information about 7} to receiver 1, and about 15 to receiver 2.

With this choice of joint distribution, the information quanti-
ties in Corollary 1 can be computed.

Noisy Feedback: When the feedback is noisy, the transmitter
does not know Y, and so cannot compute U — E[U|Y (] in
(45) which was used to generate Cy. Instead, the transmitter can
compute an estimate of the error at receiver 1. We now define
T as

- A



6182

5.5 :

5[
45| A
4t ;"/";' 62=0]
35| y

25 //l G=0'

Sum rate (bits)
A\

20 * Z 4
151 ]

052"
100

10" 102 103

SNR P/c?

Fig. 4. Achievable sum rates for the AWGN BC with noisy feedback from
receiver 1. Noise correlation p = 0. The three solid lines show the sum rates
computed using Corollary 1 for feedback noise variance 0’? =0,;02/10, and
2. The dashed line at the bottom is the no-feedback sum rate, the dotted line
in the middle is the sum rate of the Bhaskaran scheme, and the * symbols at the
top are the sum rate of the Ozarow—Leung scheme.

where
A:EkU—EWW@M|UW%ﬂ

ozPlg -I-ozﬁPl Q1+ /—/30 *Oégpl Qz

Pl(oz + ﬂa) o2
P +0?2 o2+ JJ%

(S—Xy (50)
As before, Oy is defined by (46) with T given by (49), and the
input X is defined by (44). With this choice of joint distribution,
the information quantities required to evaluate Corollary 1 are
computed and listed in Appendix A.

For different values of the signal-to-noise ratio /0?2, feed-
back noise variance 0;, and correlation coefficient p, we can
compute the maximum sum rate by numerically optimizing over
the parameters («, 3, DD, P1). For the case where the noises at
the two receivers are 1ndependent ( p = 0), the maximum sum
rate is plotted in Fig. 4 for rrf =2, T ~ and 0 (a = 0 is noise-
less feedback). The figure also shows the sum rate in the absence
of feedback, the sum rate of the Bhaskaran scheme [6] for noise-
less feedback from one receiver, and the maximum sum rate of
the Ozarow—Leung scheme with noiseless feedback from both
receivers.

We see that the obtained sum rate is higher than the no-feed-
back sum rate even with feedback noise variance 0% = o2, and
increases as O'J% decreases. We also observe that for 0']% =0
(noiseless feedback), the sum rate of the proposed rate-region is
higher than the Bhaskaran sum rate for high SNR. Concretely,
for P/o* = 10,100, and 1000, our region yields sum rates
of 1.842,3.612, and 5.378, respectively; the Bhaskaran sum
rates for these SNR values are 1.852,3.452, and 5.105. The
Ozarow-Leung scheme yields higher sum rates than the pro-
posed region. It also has the advantages of being a determin-
istic scheme with probability of error decaying double exponen-
tially (with block length), but we emphasize that it uses noiseless
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Fig. 5. Variation of the sum rate versus correlation coefficient of (N, N3).
P/o* = 10 and there is noiseless feedback from receiver 1. The dashed line
shows the no-feedback sum rate.

feedback from both receivers. Another difference is that both
the Ozarow—Leung and Bhaskaran schemes are specific to the
AWGN BC and do not extend to other discrete memoryless BCs,
unlike the scheme in this paper.

Fig. 5 shows the effect of p (the correlation coefficient of
N1, Ny) on the sum rate with P/o? held fixed. The sum rate
without feedback does not change with p as long as the indi-
vidual noise variances remain unchanged [2]. With noiseless
feedback from receiver 1, the sum rate obtained above decreases
monotonically with the noise correlation and is equal to the
no-feedback rate at p = 1. This is consistent with the fact that
feedback does not increase the capacity of the AWGN BC with
p = 1 since it is physically degraded (in fact, we effectively
have a point-to-point channel when p = 1).

C. Comparison With the Shayevitz—Wigger (S-W) Rate Region

An achievable rate region for the BC with feedback was inde-
pendently proposed by Shayevitz and Wigger [15]. Their coding
scheme can be summarized as follows. In the first block, the
encoder transmits at rates outside than the Marton region. The
receivers cannot decode, and as discussed earlier, the informa-
tion needed to resolve the ambiguity at the two receivers is cor-
related. This resolution information is transmitted in the next
block through separate source and channel coding. The corre-
lated resolution information is first quantized into three parts: a
common part, and a private part for each receiver. This quantiza-
tion is performed using a generalization of Gray—Wyner coding
[27]. The quantization indices representing the correlated infor-
mation are then transmitted together with fresh information for
the second block using Marton coding.

While the S-W scheme is also a block-Markov superposition
scheme with the Marton coding as the starting point, the S-W
scheme differs from the one proposed in this paper in two as-
pects:

1) Separate source and channel coding

2) Backward decoding

While separate source and channel coding can be considered
a special case of joint source-channel coding, the backward de-
coding technique in [ 15] uses the resolution information in a dif-
ferent way than our scheme. In particular, the covering random
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variables in each block are decoded first and serve as extra “out-
puts” at the receivers that augment the channel outputs. This dif-
ference in the decoding strategy makes a general comparison of
the two rate regions difficult.

In Appendix B, we show that the class of valid joint dis-
tributions for the S-W region can be obtained using our
coding scheme via a specific choice of the covering variables
(A, B, (). The rate region of Theorem 1 evaluated with this
class of distributions is given in (85)—(90). We observe that the
boundson Ry+ R1, Ro+ Ro, Rg+ R1+ Rz,and2Rg+ R1+ R»
are larger than the corresponding bounds in the S-W region.
However, our region has an additional Ry constraint which is
not subsumed by the other constraints. Therefore, a general
statement about the inclusion of one region in the other does not
seem possible. In the following, we focus on the two examples
discussed in [15] and show that the feedback rates of the S-W
region can also be obtained using Corollary 1.

The Generalized Dueck BC: This is a generalization of the
Dueck example discussed in Section I. The input X is a bi-
nary triple (Xo, X, X2). The output of the two receivers 1 are
Y = (Xo + Ng, X1 + Nl) and Z = (XO + Ng, X1 + ]VQ),
where (Ng, N1, N») are binary random variables with distribu-
tion Py, n, n, such that

H(Nog,N1) <1, H(Ng,Nz)<1.
We evaluate the rate region of Corollary 1 for noiseless feedback
from receiver 1 with the following joint distribution:

1
(W U, ‘/) ~ PVVPUPV with PVV; PU, PV ~ Bernoulli(§>,

Qeyicowovy *Co=Y ®U = Ny,
X (Xp, X1, Xp) = (WU, V). (51)
With this choice of (), Cy is a Bernoulli random variable with
the same distribution as ;. With the joint distribution above,
the mutual information quantities in Corollary 1 can be com-
puted to be

I(UW;Y|Cy) = 2 — H(Ny, Ny),

I(VW; Z|Cy) = 2 — H(Ngy, Na),

I(Co; Y[YCoW) = I(Cy; Z| ZCyW) = 0,

I(Cy; Y|COWU) H(N,),

I(Cy; |COWV) H(N,) — H(N{|Ny, No),

I(CY; U |C0 y=1,

I(CoZ; VIC,W) = 1 — H(N3|NoNy),

1(175* C |COWU) = (US Co|CoW V) = H(Ny),

I(CoW: Y |YCoWU) = I(CoW: Z|ZCoW Z) = 1 — H(Ny).

The rate region is given by

Ry <1— H(Ny) — H(N1|Ng, N2)
Ry + Ry <2 — H(Ng, Ny)
Ry + Ry <2— H(Ny, N1, N3)

Ro+ Ri+ Ry <3-— H(N(),]\/Vl,]\rg). (52)

6183

The roles of Ry, R» in (52) can be exchanged by choosing Co =
Z @&V = N,. Thus, the following feedback capacity region
obtained in [15] is achievable:

Ry <2 — H(No,N1), Rs<2— H(No, Na),

R+ Ry <3 — H(Ny, Ni, Ny, (53)

The Noisy Blackwell BC: This generalization of the Blackwell
channel has ternary input alphabet &’ = {0, 1, 2}, binary output
alphabets Y = Z = {0, 1}, and channel law given by

[N X=0 N X =01
RGN S

X=12 1-N X=2
where N ~ Bernoulli(p) is a noise variable independent of
X . With noiseless feedback from both receivers, the rate region
obtained in [15] can also be obtained using Corollary 1 with the
following joint distribution:

Pw(0) = Pw(1) = %,

Poviw (0,0|W = 0) = a, Pyyiw (LW =0) =3,
Poyiw (LO[W =0)=1—a -4,

Pyyyw (0,0W = 1) = 8, Poyiw(1, W =1) =
Poyw (LOW =1)=1—-a -8,

X=U+V., Qg awovy:Co=YaU=ZaV=N.
With A(.) denoting the binary entropy function and z x y =
(1 —y)+y(1—x), the mutual information quantities in Corol-
lary 1 are

4+ 3
KW YICo) = 1V 2iC0) = b (e 52 ) )

](C(]; Y|?é()W) = I(C(); Z|ZC§0VV) = 0,

1(V$; Co|CoWU) = I(US; Co| CoW V) = h(p),

](CUZ;WC‘OW)f I(U; VW),

= H(V|UW) = (ﬁl ( ) + ah (g))
(C’OY U|COW U, viw)

= HU|VW) = (ﬁ ( )—I—(xh(i)),

I(W;Y|YCoWU) = I(W; Z| ZCoW Z),

— 1 (p222) __h<w) (o),
2 2 2 2 2

The rate region is then given by

a+ 1/7 ap+ ap 1h Bp + Bp
2 2 2" 2

2 2
22 o)
) )

)
(56 (2)

Ry <h (p*

Ro+ R < h(P*

o+

R0+R25h<])

R()+R1+R:)Sh(
_|_

(54)
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For Ry = 0, this matches the rate-region obtained in [15] for
this channel.

V. PROOF OF THEOREM 1

A. Preliminaries

We shall use the notion of typicality as defined in [18] and
[28]. Consider finite sets Z1, Z2 and any distribution Pz, z, on
them.

Definition 4. For any € > 0, the set of jointly e-typical se-
quences with respect to Pz, z, is defined as

, 1
‘AE’L)(lezg) = {(Z]_,ZQ) . ‘EJV(CLJ) | Z1,ZQ) - P21Z2(a7 b)‘
< €Pz, z,(a,b), for all (a,b) € Z; x Zg}

where N(a,b | 21,22) is the number of occurrences of the
symbol pair (a,b) in the sequence pair (z;, 7). For any z; €
Z1*, define the set of conditionally e-typical sequences as

Al (Za|z1) = {272 : (21,22) € Al (Pz,2,)} -

The following are some basic properties of typical sequences
that will be used in the proof. é(¢) will be used to denote a
generic positive function of € that tends to zero as e — (.

Property 0: For all € > 0, and for all sufficiently large n, we
have Py, 5 [A"(Pz, 2,)] > 1 —e.

Property I: Letzy € A (Pyz, ) forsomee > 0.1fZs is gen-
erated according to the product distribution [T, ; Pz, |z, (-|21:),
then for all ¢’ > ¢

lim Pr[(z1,Zs) € AE/T")(PZlZQ)] =1.

n—0C

Property 2: For every z; € Z7', the size of the conditionally
e-typical set is upper bounded as

AT (Za|z)| < 2H(Z2120)+5(0)
Ifz; € A”(Pgz,), then for any ¢ > € and n sufficiently large
AR (Zo]zy)| > 2n(H 2212080,

Property 3: If (z1,22) € AY(Pz, z,), then

o—n(H(Z2|Z1)+5(e)) < Py, (22]21) < o—n(H(Zz|Z1)—58(e))

The definitions and properties above can be generalized in the
natural way to tuples of multiple random variables as well.

B. Random Codebook Generation

We recall that K denotes the collection (A, B, S), and X de-
notes the set A x B x S.

Fix a distribution Pyv apcxyzs from P and a conditional
distribution () 4 gc e satisfying (6), as required by the
statement of the theorem. Fix a positive integer L. There are
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L blocks in encoding and decoding. Fix positive real numbers
R, Ry, Ry, Ry, Ra, po, p1, and pa such that R > Ry and
R, > R,, where these numbers denote the rates of code-
books to be constructed as described below. Fix block length
n and ¢ > 0. Let ¢, I =1,...,L be numbers such that
€< e <€y < ---< €.

Forl =1,2,3,..., L, independently perform the following
random experiments.

1) For each sequence ¢ € C", generate 2"#° sequences
Cuig, ¢ = 1,2,...,27, independently where each

sequence is generated from the product distribution
jJ Pc\é('|5i)-

2) For each sequence pair (c,a) € C" x A", generate
2n(#1—81) gequences Upica.t = 1,2,..., gn(Ryi—R1)
independently where each sequence is generated from
the product distribution [T'_; Prrjac(-|ai, ¢;i). Call this
the first U-bin. Independently repeat this experiment
2"H1 times to generate 2"%*  U-bins, and a total of
P sequences. The ¢th sequence in the jth bin is
U G-1)2714i, c.a)-

3) For each sequence pair (¢, b) € C" x B™, similarly gen-
erate 2"52 V-bins each containing 2"(F2~F2) gequences
with each sequence being generated from the product dis-
tribution [T;"_; Py |pc(-|i. ¢;). Theith sequence in the jth
bin is V[l?(jil)QnRQ +i, ¢,b]

4) For each (,¢,¢) € U™ x C" Xx C™ generate in-
dependently 2"#1  sequences Ay g, for @ =
1,2,...,2"+ where each sequence is generated from

[[}-1 Pagec(liy, & e)).
5) For each (v,¢,c) € V" x C™ x C" generate in-
dependently 2"#2 sequences B ;gzc, for ¢ =

1,2,..., 2772 where each sequence is generated from

H?:1P3|‘7éc("f’jvéjvcj)~

6) For each (a,b,c,u,v) € A® x B™ x (" X
U™ X V" generate one sequence X[ ab,cu,v] USINE
[Ti—1 Pxjasouv (-lai, bi, ci, i, vi).

7) Generate independently
1o, V{0, C[0], K[0], X[0], Y[0]. Z[0]
the product distribution P}, 5 x y -

These sequences are known to all terminals before transmis-

sion begins.

sequences
from

C. Encoding Operation

Let Wy[l] denote the common message, and W [l], Ws[l],
the private messages for block /. These are independent random
variables distributed uniformly over {0,1,...,2"f0 — 1}
{1,2,...,27%) and {1,2,...,2"%2} respectively. We set
Wy[0] = Wh[0] = Wa[0] = Wo[L] = Wy [L] = Wa[L] = 1.

For each block [, the encoder chooses a quintuple of se-
quences (A[l], B[{], C[!], U[{], V[{]) from the five codebooks
generated above, according to the encoding rule described
below. The channel input and channel output sequences in
block [ are denoted X[I], Y], and Z[I], respectively.
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Blocks | = 1,2.3,...,L: The encoder performs the fol-

lowing sequence of operations.

+ Step 1: The encoder determines a triplet of indices
Gall] € {1,...,2"} Gg[l] € {1,...,2"2}, and
Gell]) € {1,...,2"°} such that
1) Golllmod 2% = Wyll],5 and
2) The tuple (U[l — 1], V[l — 1],K[{ — 1], C[l —1]) is

jointly €;-typical with the triplet of sequences

{Cuceuco .

AlLGAlU-11,C10-1], Cuapucu_):
B[LGB[l]yV[l*l]:C[l*l]; Cu,¢om.cr-l }

with respect to PU,V,I"{,@,C,A,B .6
If no such index triplet is found, it declares error and sets
The encoder then sets

Cll] =Cugenp.cp-1
All] = A[1L.G 41, U[I-1),Cl-1].Cp.6 .00 1)
B[] =Bueuu.vi-1.ci-1.01.6pm.00-1]"

o Step 2: The encoder chooses a pair of indices
(G [l], Gv[l]) such that the triplet of sequences

(Upe,memam: Yieym.cnsu, All, B[], Cl])

is e-typical with respect to FPyyvapc, and
Up.cum.cp.ap belongs to the U-bin with index
Whll], and Vi q,m,cu,B[ belongs to the V-bin with
index W5[{]. If no such index pair is found, it declares
error and sets (G [I], Gv[l]) = (1,1).
The encoder then sets U[l] = Uy g..ci,am> VI =
Virevc s and X[l = Xpamsu,cr.om v - It
transmits X[!] as the channel input sequence for block /.

« Step 3: The BC produces (Y [I], Z[1]).

 Step 4: After receiving (S[l]) via the feedback link, the
encoder sets K[I] = (A[l], B[!], S[{]).

D. Decoding Operation

Block 1: The objective at the end of this block is to decode
the common message Wy[1] at both receivers.
1) The first decoder receives Y|[1], and the second decoder
receives Z[1].

2) The  first  decoder  determines  the  unique
index pair (Ger[1], Gal)) such that
the tuples (C[0], A[0], UJ0], Y][0]) and
(Cil1]: Apy &,y uporcpone. e YD are

jointly e-typical with respect to Pz ;55 4y > Where

Ci[1] £ Ch éeupcpoy- Note that Cy[1] is the estimate
of C[1] at the first decoder.

5This condition corresponds to the role of C' in carrying the message Wy /]
common to both receivers.

6If there is more than one triplet satisfying the conditions, the encoder chooses
one of them at random.
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If not successful in this operation, the first decoder declares
an error and sets (Gor[1], Ga[1]) = (1,1), and Cy[1] 2

Clr.ée.cpn . .
3) The first decoder outputs Wy[1] = G1[1] mod 2" and
sets

Al = Ap ¢, nui.co.c-

A[1] is the first decoder’s estimate of A[1].

4) The second decoder determines the unique
index pair (Geo[1], GBI1)) such that
the tuples (CJ0], B[0], V0], Z[0]) and

(C2[1]: By &1y vio), clo).c.071» Z11) are
jointly €;-typical with respect to Pzpyzcp,, Where
C,[l1] £ Cl1 éeoi] cpoy)- Note that Co[1] is the estimate
of C[1], at the second decoder.
If not successful in this operation, the second decoder de-
clares an error and sets (Geo[1],Gp[1]) = (1,1), and
Co1] = Cpy .0l )

5) The second decoder outputs Wy[1] = Geo[1] mod 2750
and sets

B{1] =By, 6,1, vi0).0l0.0:01)

BJ[1] is the second decoder’s estimate of B[1].
Block [,/ = 2.3, ..., L: The objective at the end of block [
is for receiver 1 to decode (Wy[I], W1[l — 1]) and for receiver 2
to decode (W [l], Wa[l — 1]).
1) The first decoder receives Y [!] and the second decoder re-
ceives Z[1].
2) The first decoder determines the unique index triplet
(Gerll], Gall), Gull — 1)) such that the tuples

(Ci[l = 1]),A[l = 1], [l — 1], Y[l = 1]) and
(Cilll, Ay o e e YD)

are jointly €;-typical with respect to Pz 3775 4y » Where

T A

Ul -1=U 0 6pn-1,0-1,a0-1
— A

Cill] = Cp ey 0-17-

If not successful in this operation, the first decoder de-
clares an error and sets (Ge1ll], Galll. Gull — 1]) =
(1,1,1), and Ul — 1] = Up_yy1.6,0-1LA1-1))
Ci[l] = Cya,e,p17- Note that U[l — 1] and C;[!] are
the estimates of U[l — 1] and C|[I], respectively, at the first
decoder. R R

3) The first decoder then outputs Wy[l] = Goa[l] mod 2%,
and W[l — 1] as the index of U-bin that contains the se-
quence U[(lfl).GU (1—1),C1[l—1],A[—1]]- The decoder sets

Al =Aps.mor vow vem

A[Jl] is the first decoder’s estimate of A[].

4) The second decoder determines the unique index triplet
(Gez[l], Gell], Gv[l — 1]) such that the tuples

(Cyll = 1],B[l = 1], V[l = 1], Z[l — 1]) and
(

@l

2[11; By e, 91— 11,6.0- 11,1010 Z1)
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are jointly €;-typical with respect to Py gy 55, Where

_ A

vi-1]= V[(zq),év[171],(‘:2[171],1‘3[1711]a

— A

Colll = Cp o o1
If not successful in this operation, the second decoder
declares an error and sets (Gez[l], Ggll], Gv[l — 1]) =
(1,1,1), and V[l — 1] = V4 1)1 ¢p-18p-1]>
Cs[l] = Cpa.e,p1y- Note that V[l — 1] and Co|l] are
the estimates of V[I — 1] and CJ], respectively, at the
second decoder.

5) TAhe second decoderA then outputs Wyll] =
Gooll] mod 2780 and Wyl — 1] as the index of V-bin
that contains the sequence V;_yy & 1 1).cop—11.8p-1]-
The decoder sets

Bl =By ¢, 10.901- 1,620 11,81

BJl] is the second decoder’s estimate of B[/].

E. Error Analysis

Let £[0] denote the event that (U[0], K[0], V[0], C[0]) is not
¢[0]-typical with respect to P xve. By Property 0, we have
Pr[£]0]] < e for all sufficiently large n.

Block 1:

The error event in Block 1 can be expressed as £[1] = £;1[1]U
52[1] U 53[1] U 84[1] U 55[1], where

1) &1[1] is the event that the encoder declares error in step 1
of encoding (described in Section V-C);

2) &;[1] is the event that the encoder declares error in step 2
of encoding;

3) &s]1] is the event that the tuples (U[0], V[0], K[0], C[0])
and (U[1], V[1], K[1], C[1]) are not jointly e; -typical with
respect to Py gevvies )

4) &4[1] is the event that (G'e1[1], Ga[l]) # (Ge[l], Gall]),
and &[] is the event that (Geo[l],Gp[l]) #
(Gell]. Gall]).

Lemma I (Covering Lemma):  Pr[&1[1] | £]0]°] < €

for all sufficiently large n if Ry, pg, p1, and ps satisfy

po > H{UVEK;C|C) + Ro + 6(e1) (55)

po+p > IVK; A|CCU) + I(UVK;C|C) + Ro + 6(e1)
(56)

po+p2 > I{UK; BICCV) 4+ [(UVK;C|C) + Ro + 8(e1)
(57)

po + p1+ p2 > I(VK; A|CCU) + I(UK; B|CCV)

+ I{A; BlUVKCC) + I(UVK;C|C) 4+ Ry + 8(e1).

(58)

Proof: The proof of this covering lemma is the same as
that of [18, Lemma 14.1], with (U, K) and (V, K') assuming
the roles of the two sources being covered. |
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Lemma 2: Pr[&3[1] | £]0]°] < e for all sufficiently large n if
R, Ry, and Ry, Ry satisfy

R, + Ry — Ry — Ry > H(U|AC) + H(V|BC)
— H(UV|ABC) + §(e1). (59

Proof: This is very similar to a standard covering lemma
used for bounding the probability of encoding error in Marton’s
coding scheme, a proof of which can be found in [2], [17], or
[18]. ]

From Property 1 of typical sequences, it follows that
Pr[&5[1] | E1[1]¢, E2[1]¢. £]0]¢] < e for all sufficiently large n.

Lemma 3:  Pr[€4[1]UEs[1]]E3[1]%, E2[1]°, £1[1]7, £]0]7] <
2¢, if

po+p < I(C;YAYU|C) + I(A; Y AY|UCC) — 36(e1)

(60)
po+p2 < I(C; ZBZV|C) + I(B; ZBZ|VCC) — 36(e1)

(61)
m < I{A;YAY|UCC) — 36(e)) (62)
p2 < I(B; ZBZ|VCC) — 36(ey). (63)

Proof: The proofis a special case of that of Lemma 4 given
below. |
Hence, P[E[1] | £[0]°] < 5¢ if the conditions given in
Lemmas 1-3 are satisfied. This implies that A[1] = A[l],
C1[1] = Cs[1] = C[1], and similarly, B[1] = B[1] with high
probability.

Block I,/ = 2.3,..., L: The error event in block / can be

expressed as E[I] = UZ_,&;[l], where

1) &1[!] is the event that the encoder declares error in step 1
of encoding;

2) &]l] is the event that the encoder declares error in step 2
of encoding;

3) &;]l] is the event that the tuples (U[{ — 1], V][I — 1], K[l —
1], C[l — 1]) and (U[!], V[], K[{], C[{]) are not jointly
€;-typical with respect to Py pavv e

4) &4[1] is the event that

{(Gerll), Galll. Gull — 1) # (Gell). Gall). Gull - 1)}

and Es[l] is the event that

{(Goall), Gall), Gy [l = 1)) # (Gell), G[l), Gy [l — 1))}

Using arguments similar to those used for Block 1, one can
show thatif pg, p1, p2, R}, Ry, R1,and R satisfy the conditions
given in (59) and (55)—(58) with €[l — 1] replaced with ¢;, then
for all sufficiently large 7,

Pr[&1[1] U &I U &[1] | NL_LER]] < 3e.
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Lemma 4 (Packing Lemma): Pri&afl] U &[] |
E3[l]¢, Ea[1)¢, E1111¢, ML L ER]] < 2e, if
Ry +po+p1 < I{U;YY|AC) + I(C; Y AYTU|C)
+ I(A;YAY|UCCO) - 38(e) (64)
Ri+p < I({U;YYCJAC) + I(A; Y AY |UCC) — 36(¢y)
(65)
b4 po+p2 < I(V; ZZ|BC) + I(C; ZBZV|C)
+I(B; ZBZ|VCC) — 36(e) (66)
Ry +p2 < I(V;ZZC\BC) + I(B; ZBZ|VCC) — 38(e1)

(67)

po+p1 < I(C;YAYU|C) + I(A; Y AY|UCC) - 36(e))
(68)

po+ ps < I(C; ZBZV|C) + I(B; ZBZ|VCC) — 38(e1)
(69)
p < LA YAY|UCC) - 36(e)) (70)
pa < I(B; ZBZ|VCOC) — 38(e)). (71)
Proof: See Appendix C. |
Hence, PrE[l] | ﬁlk‘:loé’ [k]] < bBe. Under the event

OL:OS[k]C, we have A[l] = AJl], C1[l] = C2[l] = C[i], and
B[] = BJi].

Overall Probability of Decoding Error: The analysis above
shows that the probability of decoding error over L blocks sat-
isfies

Pr[€] = Pr [U[Lo&[l]] < beL

if the conditions given in (59), (55)—(58), and (64)—(71) are
satisfied with 6{e;) and &(e;) are replaced with #, where
6 = Ele 8(e;). This implies that the rate region given by
(14), (15)—(18), and (19)—(26) is achievable. By applying
Fourier—-Motzkin elimination to these equations, we obtain
that the rate region given in the statement of the theorem is
achievable. The details of this elimination are omitted since
they are elementary, but somewhat tedious.

VI. CONCLUSION

We have derived a single-letter rate region for the two-user
BC with feedback. Using the Marton coding scheme as the
starting point, our scheme has a block-Markov structure and
uses three additional random variables (A4, B, C) to cover the
correlated information generated at the end of each block.

The proposed region was used to compute achievable rates
for the AWGN channel with noisy feedback. In particular, it
was shown that sum rates higher than the no-feedback sum ca-
pacity could be achieved even with noisy feedback to only one
receiver. In all the examples including the AWGN channel, the
improvement over the no-feedback region was obtained using
a simplified version of the rate region with the resolution in-
formation carried only by the common random variable C. An
open question is whether the AWGN sum rate with noisy feed-
back can be improved by sending resolution information via A
and B as well. Since the resolution information used for the two
receivers are correlated Gaussians, the results of [29] and [30]
suggest that this may be possible.
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The key to obtaining a single-letter characterization was to
impose a constraint on the Markov kernel connecting the dis-
tribution of the random variables across successive blocks. A
similar idea was used in [20] for multiple-access channels with
feedback. This approach to harnessing correlated information
is quite general, and it is likely that it can be used to obtain im-
proved rate regions for other multiuser channels with feedback
such as interference and relay channels.

APPENDIX A
MUTUAL INFORMATION TERMS FOR THE AWGN EXAMPLE

With the joint distribution described in Section IV-B, we first
compute the following quantities:

24 GaP\ 302 —afP\’
M, éE[AZ} =aP; (M) +ab (M)

P1 + 0'2 P1 + 0'2
aPy + BaP\> ot )
P + 02 cr2+cr'J2f7
- aP(Bo? — afBP
E[AV] = 1(P1 e 1), (73)
E[AU] B Odj]_((f2 + @Bpl) [3@P1(/3(72 — CKBP]_)
- P1 + 0'2 P1 + 0'2 ’
(74)
= Pio?(a+ap) a?p
E[AZ]_W 1- 02+0J2£ , (75)
- Pio?(a+ aB) UJQc
E[AY] = .
[AY] Pivo? |12 (76)

We next compute the conditional variances in terms of which
the mutual information quantities are expressed

var(T|Co¥) = 1 - % )
var(Ty|CoU) =1 — i (fyi[iﬁ/]s);@ ) (78)
var(T1|CoZ) = 1 — % (79)
var(T1|CoY) =1 — % (80)

Var(TﬂébVZ) =1-

1 (@ E[AV] + b E[AZ] ol
1Mu &Pl(aPl-l—az) ( )

var(T1|CoUY) =

L L ay B[AU] + by E[AY]
- M, \ (P1+02)(aP, + 2aP,) — (aP) + BaP,)?
(82)
where
a1 = E[AV](P1 + o%) — E[AZ]aPy,
b, = E[AZ)aP, — E[AV]aP,,
as = E[AU](Py + 0%) — E[AY](aPy + paPy),
by = E[AY](aPy 4+ 8%aP;) — E[AU](aP, + BaP,).

(83)
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Finally, the mutual information terms are calculated to be

2
IU;V) = Lo <1+ 5_) ’
2 X
1 (P, + 0% (a + B%a)
IU:Y|Cy) == log
(U;Y|Cy) 2 Og((P1+JZ)((¥+/32a)Pl((¥+/6a)2
1 Py +o?
v,z =~ L I
(V3 21Ch) g 8 alPy +02>
ST — L 1-D) - . -
I(Co; US|CoV) = Slog ( 1+ var(T1|Co7) )
Sy o b 1-D L.
G0 VS|GU) = Elog (1 + ( )Var(TﬂCoU)) .
1) = 1 — D)var(Ty|C D
I(Co; Y|CoU) = = log ( Jvar(T1|CoU) + |
2 (1— D)le(T1|C0UY +D
I(Cy: Z|CyV) = llog (1 - D)var(Ty|C 7
2 (1 *D)VdI(TﬂCUVZ —I—D
SR 1 — Dyvar(T1|CoY) + D
H(Co: U]Co7) = 1og [ L= DvarBaCY) £ D 3
2 (1- D)va1(T1|C0UY +D
I(Cy: V|G Z) = 11 g (1= Dyvar(Ty|CoZ) + D
2 (1= Dyvar(Ty|CoVZ) + D
I(Co; YY) =

- D)Vaf(Tﬂ(}()Y/) + D)
P1 + 0'2

iog (1 (PP
](C();Z|é()2) =
%log (1 + (P—R)@

I(Cp: Y|CoUY) =
- (1 L (P-P)@

)
)
)

— D)var(T1|CoZ) + D)
Pl + 0'2

D)V&I‘(Tl |00UY) + D)

P+ o2
Liog 1.4 = P0(0 = Dyvar(B|GoV Z) + D)
2 P +o?
APPENDIX B

COMPARISON WITH S-W REGION

In Theorem 1, set A = Vi, B = V5, C = (f/o,W) and
consider joint distributions over two blocks of the form

Py xv 25 Qv vajovivs Pwov Pxjwov Przs x.
(84)
If we set Qv 1,7, |07 5 Pyjovws Py viovws

Py, v, vvw s the joint distribution is identical to that of the S-W
region. With this distribution, Theorem 1 yields the following.
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(The parts in bold indicate the corresponding constraints of the
S-W region.)

Ry <{1h,T2} (85)
Ry+ R < I(UW' YVy) - I(UVWS;VV,]Y)

+ I(Vo; UW|WY) (86)
Ro+ Ry < I(VW, ZV3) — (UVWS: Vo Va|Y)

+ I(Vo; VW|V22) (87)
RBy+ R+ R <
I(UW,YV,) + I(V;ZV,|W) — I(U; VW)
_I(UVWS; VoV1|Y) - LUVWS; Vo[VoZ)  (88)

+1(Vo; UW[WY) +
RBy+ R+ R <
I(VW:ZV,) + L(U; YV, |W) — [(U; V|W)
_I(UVWS; Vo V3|Z) - IUVWS: V1 [VoY)  (89)
IV VIWVaZ) + I(Ve: UViWY ) + I(Vi: WY V)
2Ry + R1+ Rs <

(UW;YV;) + (VW ZV3) — I(U; V[W)
_I(UVWS; VoV4[Y) - (UVWS; VV3|Z)
F IR UWIRY) + IV VIVIV2)

I(Vo; VIVaW Z) + I(Va; W Z V)

(90)

where

T =I(W:Y) + I(VWVo: YIWU) — I(VS: ViV |[WT)
IV ZIWVVy) — I(US; Vo[ WV V),
=I(W; 2) + I(VuVis ZIWV) — I(US; Va Vo[ WV)

+ I(Vi; YIWU V) = I(V.S; Vi[WUVy).

75

APPENDIX C
PROOF OF LEMMA 4

We show through induction that if Pr[&4[k]] < ¢ for k =
,{—1,then Pr(&,[l]) < e ifthe conditions in the statement
of the lemma are satisfied.

For conciseness, let F denote the event (N, _L E[k]*NE; [1]°N
&[] N &3]1]°). Note that F is the conditioning event in the
statement of Lemma 4; hence, C1 [l — 1] = Cz[l—1] = C[I-1],
Al —1] = A[l — 1] and B[l — 1] = B[l — 1]. Recall that given
C[l — 1], A[l — 1] and the indices G¢[l], G 4[l], G [l — 1], the
following sequences are determined:

Ul = 1] = Up_y1.aup-1,C1-1,A1-1]]

Clll =Cucemcu-1:  Alll = Apcamui-1.cru-11.c1)-

C2))

Define the following indicator random variable: ¢(é, j, k) = 1
if the tuples

(U[lfl,k',C[lfl], A[l-1]]» All—1], Y[I—-1], C[l-1]) and

(C[l,i,C[lfl]] LY, A[I,J}U[z_1,/c,c[1_1].A[z—1]] 70[171}7C[l,i.c[1—1]]])
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are jointly €;-typical with respect to P 3y¢¢ 4y and 0 other-
wise. We have

Pr(£4|F) = P(3 (i.j. k) # (Gell), Gall), Goll - 1])
st (i, g k) =1]F)
=0 + Py + O3 + Py, (92)
where

1 =Pr(3j # Gall] st $(Golll 4, Gull - 1]) = 1| F),

(93)
Dy =Pr(Ji # Gell], j st (i, 5, Gull = 1)) = 1 | F), (94)
&3 =Pr(3k # Gu[l — 1],j st. p(Ga[l], i, k) = 1| F), (95)

&y =Pr(Ji £ Gell], k # Gull — 1], 7 s.t. v(i, 4, k) = 1|F).
(96)

A. Upper Bound for ¢

Using the union bound, we have

D) < 22 Pr({U[l —1),A[l - 1], Y[l - 1].C[l — 1]. C[1],

i=1
Y[, Ay, uni-1),Cl-1),C1) }GAE, (Peaoycay)

Galll # 1 F). ©7)

Ull—1],ClI— 1], C[l]) by T’
1]) by

For brevity, we denote the tuple (
and the tuple (U[l — 1], C[l — 1], C[I], A[l — 1], Y[l —
T. Equation (97) can then be written as

= t7 A[l,j,T’] = a,

Y[’] vy, Gall] # 7]
Pl‘[T = t] PI‘[A[]’LT/] = a,

Y[l =y, Galll #1| T =t] (98)

where the second equality is due to the symmetry of the
codebook construction. We note that the index G 4[l] is a func—
tion of the entire A-codebook {Ay ;uj—1.ci-1.cp: J =
1...2™1} and so conditioned on T = t, the events

Gall] #1and (Apiup-1y.cp-ycp =a Y[ =y)

are dependent. This dependency can be handled using the tech-
nique developed in [31].
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LCE C be the set {A[’/vij[lfl]vCU*UsC[lH’ j=2... 2"’”},
i.e., C is the A-codebook without the first codeword. Focusing
on the inner term of the summation in (98), we have

PrlApioy=a, Y[l[=y, Ga[l] #1 | T =]
<PI'[AU]_T/]—H Y[]—y|G4[]§£1 T—t}

_ZPI pia) =a Y[ =y |Gall] #1, T =1t,C = ¢
PrlC=c¢| Gall] #1, T = t]
WS Pr{Apar =alGal] £ LT =t.C =

PrY[] =y | Gall #1,T =, =4
PrlC=c| Gall] #1,T =t

(b) , ,
<2'PY[A[11T/:a|T :t]
}:Hf =y |Gall#1, T=¢C=
PrlC=¢| Gall] #1, T = t]

(e)
<4-PrlApiry=a|T =t|Pr[Y[l]=y | T =t]

(4)

< 4.9” n(H(A|CCU)Y—6(er)) .271L(H(Y|C(~7E’A§7)75(el)).

99

In the chain above, () is true because given G4[l] # 1, we
have the Markov chain Aj 1 7 — (C,T) — X[I] = Y[I]. (d)
follows from Property 3 of typical sequences, while (b) and {¢)
are obtained from the following claim, proved along the lines of
[31, Lemmas 1 and 2].

Claim 1:

PT[A[LLT’} = a | GA[Z] ;é 17T = tac_: E]
<2Pr[Aprp=a|T =t], and

Pr{Y[] =y | Gal] #1L,T =t] < 2Pr[Y[] =y | T = t].

Proof: We have

Pr[A[I,l,T’] =a ‘ GA[Z] #1,T= t,C_: {7}
PrlApim=a,Gall] #1 [T =t,C =g
Pr[Gall] #1,| T =t,C = ¢

<P1‘[AU’1_’T =a|T=t,C=¢
Pr[Gal] #1 | T =t,C=¢
PI‘[A[llTI]:alT/_t/]

T PHGal]£L|T=¢t,C=4d

(100)

where the last equality holds because each codeword of the
codebook {Ap 1, § = 1,...2"7*} is independently gen-
erated, conditioned only on the symbols of T”. We now provide
a lower bound for the denominator of (100)

PrGAll] #1| T =t,8=¢|
= 1-Pr[Gal]=1|T = t,&8=¢]
> 1= Pr|(Apar) T) € AD (Peapyea)]

n(I(A;AY|TCC)—8(e ) >

l\DlH (‘\z

>1-2" (101)
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for sufficiently large n. Substituting into (100) completes the
proof of the first part of the claim.
For the second part, we write

PeY =y | Gall] £1,T = t]
PHY[] =y | T =t

S EIESIEED (102

PY[]=y|T=t] ~

= G g <2 PIYI=y [ T=4

for large enough . The equality above is due to the symmetry
of the codebook construction. The claim is proved. |
Substituting the bound from (99) into (98), we obtain

277 1 SNFr
PrIT = 4. 22n6(61)27nH(A\CCL’)
< oo 2 Pl >
t a,ycA., (It)

. 2—nH(Y\céﬁf4Yf)

£] 27 (H(AY|COTAY ) +5(e)

. (4 . 2277,6(61) . 2771,H(A\CC~)’(:7) . 2771H(Y|Célj’;ﬂ~’))

4. 2371(5(61) .omp 271H(AY\C’C‘UAY_')

= - —— 103
Pr[F] - 2nH(AICCT) . gnH(Y|CCUAY) (103)

where (a) follows from the upper bound on the size of the con-
ditionally typical set (Property 2).

B. Upper Bound for ¢z, ¢3, ¢4
Using the union bound, we have
grra gt
<> Y Pr({U[l ~ 1), Al - 1], Y[ - 1].C[i - 1],
i=1 j=1

[l,z,C[l—l]]]}
EA(W ( CAIYC4Y) GCU]#”}—) (104)

To keep the notation manageable, in the next few equations,
we will use the shorthand C; for Cy; ; ¢ 1. We also redefine
T as the tuple (U[l — 1], C[l — 1]) and T as the tuple (U[] —
1],C[l — 1], Al — 1], Y[l — 1]). Equation (104) can then be

Y], Cpic—1: A 4.01—1,Cl—1].C

written as
2mP0 27P1
Pr[T=t,C,=c¢
i=1 j=1 t,c,aycA,,
Apjrc)=a Y[l =y, Goll] #1]
n{po+p1
= % Z Pr[T =t] - Pr[Cy = ¢,

tacycA,,
A[l,l,T’,Cl] =a, Y[l] =Y, Gc[l] 7& 1 | T = t]

(105)

where the second equality is due to the symmetry of the code-
book construction. We note that the index G¢[l] is a function
of the entire C'-codebook {C; = Cy; cp—yj, ¢ = 1...2"7°}
and so conditioned on T = t, the events G [1] # 1 and

(Ci=c Apup-1y,cr-11c.) =a Y[l =y)
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are dependent. Define C as {C; = Cuici-y, ¢ =
2...2™} ie., the C-codebook without the first codeword.
We then have

Pr[Cy =c,Ap11cy=a Y[l =y, Go[l] #1 | T = t]
S PI‘[Cl = C,AU’LT/’CI} = a.Y[l] = y|GC[l] 7£ 1,T = t}
=Y PrCi=c. A =aY[ll=y|Goll] # 1,
T=tC=¢ -Pr[C=¢|Gcll] #1, T =
ggE:HKh:qAﬂmq:a|Gdﬂ¢LT

PriYl]=y |Gl #1,T=t,C=¢
PriC =c|Gell] #1, T =t

]
t,C = ¢

(®)
< 2-Pr[Cy =c, Ay 1 —a|T/—t]ZPr[Y

|GAll] #1,T=t,C=¢ P [._ﬂGd]¢LT_ﬂ

I~
&

<4 PI‘[Cl—C A[llT

d)

] a|T’ = t'] Pr[Y[]]
<4.9" n(H(C|C)+H(A|CCTU)

=y[T =t

—

n(H(Y\C‘UAY)—é(q)).

(106)

y=ole)) o=

Given G¢[l] # 1, (a) is true because we have the Markov chain
(C[l,l.C[lfl]} , A[l,l,T’] ) — (C, T) —X[l] —Y[l] (d) follows from
Property 3 of typical sequences, while (b) and (¢) follow from
arguments very similar to Claim 1. Substituting the bound from
(106) into (105), we obtain

(4 . 92nd(er)

Z Pr[T
(It

. 2—nH(C\C) . 2—nH(A\CCU) . 2—nH(Y|C’L~"Af’)).

Zvv(po—O-m)

>

cayeA,

(107)
Using the upper bound for the size of the conditionally typical
set, we have

zn(po-ﬂ)l)

Py E:H

(4.22nb(e[) .2—nH(C\C) .2—ILH(/4|Cé[:T) .2—‘ILH(Y |CTU AY 7))

2n (H(AY CICUAY )+8(e;))

4. 93n6(er) | 2n(pl+p0) 277,H(AYC\C_‘I~;’;H_/)

_ : . (108
Pl[f] L onH(C|C) ZWLH(AICCL) onH(Y|CU AY)” ( )

In a similar fashion, we can obtain the following bounds for
$3 and &4

4 - 23n6(51) . 2n(1?,’ +p1) . 2TLH([:’_AY\CC'A{/)
05 < Pr[F] - 2nH (UIAC) . gnH(AICCT) . gnH(Y|CEAY)’
(109)
4. 2371,6(6,) i 271,(R'1+pn+p1) . 2nH(UCAY|@Af’)
¢, <

PI[]:] 271H([Z'\Af‘)2nH(C‘|C‘) 27LH(A\CC‘U)ZILH(YIC‘;D_’) )
(110)

Lemmas 1 and 2 together with the induction hypothesis that
Pr[&4[k]] < efork =1,...,0—1 imply that Pr[F] > 1 — 5el,
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which is close to 1 for ¢ < 1/L. Thus, the bounds (103) and
(108)—(110) can be made arbitrarily small for sufficiently large
n if the conditions of the lemma are satisfied.

Substituting back into (92), we obtain P[E4]l] | F] < € for
all sufficiently large ». Similarly, one can show that P[E5[I] |
F] < e if the conditions in the lemma are satisfied.
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