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Abstract—Let X and ) be finite alphabets and Pxy a
joint distribution over them, with Px and Py representing the
marginals. For any ¢ > 0, the set of n-length sequences z"
and y" that are jointly typical [1] according to Pxy can be
represented on a bipartite graph. We present a formal definition
of such a graph, known as a typicality graph, and study some
of its properties. These properties arise in the study of several
multiuser communication problems.

I. INTRODUCTION

The concept of typicality and typical sequences is central
to information theory. It has been used to develop computable
performance limits for several communication problems.

Consider a pair of correlated discrete memoryless infor-
mation sources' X and Y characterized by a generic joint
distribution pxy defined on the product of two finite sets
X x ). An length n X-sequence z" is typical if the empirical
histogram of ™ is close to px. A pair of length n sequences
(x™,y™) € X™x Y™ is said to be jointly typical if the empirical
joint histogram of (x™,y™) is close to the joint distribution
pxy. The set of all jointly typical sequence pairs is called the
typical set of pxy.

Given a sequence length n, the typical set can be represented
in terms of the following undirected, bipartite graph. The left
vertices of the graph are all the typical X-sequences, and
the right vertices are all the typical Y -sequences. From well-
known properties of typical sets, there are (approximately)
27 H(X) Jeft vertices and 2" (Y) right vertices. A left vertex is
connected to a right vertex through an edge if the correspond-
ing X and Y'-sequences are jointly typical. From the properties
of joint typicality, we know that the number of edges in this
graph is roughly 277 (X:Y) Further, every left vertex (a typical
X-sequence) has degree roughly equal to 271X je it is
jointly typical with 2" (VIX) Y _sequences. Similarly, each
right vertex has degree roughly equal to 2 (X1Y)

In this paper we formally characterize the typicality graph
and look at some subgraph containment problems. In particu-
lar, we answer three questions concerning the typicality graph:

o« When can we find subgraphs such that the left and right
vertices of the subgraph have specified degrees, say R’y
and R}, respectively ?

'We use the following notation throughout this work. Script capitals U, X,
Y, Z,... denote finite, nonempty sets. To show the cardinality of a set X,
we use |X'|. We also use the letters P, @,. .. for probability distributions on
finite sets, and U, X, Y,... for random variables.
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o What is the maximum size of subgraphs that are com-
plete, i.e., every left vertex is connected to every right
vertex? One of the main contributions of this paper is a
sharp answer to this question.

o If we create a subgraph by randomly picking a specified
number of left and right vertices, what is the probability
that this subgraph has far fewer edges than expected?

These questions arise in a variety of multiuser commu-
nication problems. Transmitting correlated information over
a multiple-access channel (MAC) [2], and communicating
over a MAC with feedback [3] are two problems where the
first question plays an important role. The techniques used
to answer the second question have been used to develop
tighter bounds on the error exponents of discrete memoryless
multiple-access channels [4], [5], [6]. The third question
arises in the context of transmitting correlated information
over a broadcast channel [7]. Moreover, the evaluation of
performance limits of a multiuser communication problem can
be thought of as characterizing certain properties of typicality
graphs of random variables associated with the problem.

The paper is organized as follows. Some definitions are
introduced in Section II. In section III, typicality graphs are
formally defined and some of their properties (regarding the
number of vertices, edges, and degrees) are stated. The main
results of the paper- four propositions concerning subgraphs of
typicality graphs- are presented in section IV. The proof of one
of these results is given in the Appendix. Due to constraints
of space, the other proofs will be presented in an extended
version of this paper.

II. PRELIMINARIES

We first review the definitions of d-typical sets and their
properties from [1].

Definition 1. For any distribution P on X, A sequence x" €
X" is called X-typical with constant § if

1) [AN(a|z") — Px(a)| <6, Vae X

2) No a € X with Px(a) =0 occurs in z™.
The set of such sequences is denoted by T3 (Px) or T§(X),
when the distribution being used is unambiguous.

Definition 2. Given a conditional distribution Py x : X —
Y, a sequence y" € Y" is conditionally Py \|x-typical with
" € X" with constant ¢ if
D [ N(a,blz",y") = ; N(a|z") Py x (bla)| < 6,
X, be ).

Ya €
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2) N(a,blz",y") = 0 whenever Py x(bla) = 0.

The set of such sequences is denoted by Tj (Py x|z") or
T3 (Y|x™), when the distribution being used is unambiguous.

We will repeatedly use the following results, which we state
below as facts:

Fact 1. [I, Lemma 2.10]: (a) If =" € T{(X) and
y" € Tg(Y|a"), then (27,y") € T§, 5(X,Y) and y" €
Tls o2 (Y)- 2

(b) If 2" € T (X) and (z",y") € TM(X,Y), then y" €
T§, (Y]z™).

Fact 2. [1, Lemma 2.13] 3: There exists a sequence €, —
0 depending only on |X| and |Y| such that for every joint
distribution Px - PY‘X on X x ),

]ilog ()] H(X)' < n 1)
‘Tlllog T (Y [2™)| - H(Y|X)’ <en V" eT(X). ()

The next fact deals with the continuity of entropy with
respect to probability distributions.

Fact 3. [1, Lemma 2.7] If P and Q are two distributions on
X such that

> IP@) - Q)| < e < g
reX

then ]
[H(P)~ H(Q) < ~clog 13

III. TYPICALITY GRAPHS

Consider any joint distribution Px - Py|x on & x ). Con-
sider sequences €1, €25, A, satisfying the ‘delta convention’
property [1, Convention 2.11], i.e.,

€in — Oa \/ﬁ'eln — 00 as n — 00, (3)
€an — 0, /N - €3, — 00 as n — 00, 4)
A — 0, V/n-A\, — 00 asn— oo. (5)

The delta convention ensures that the typical sets have ‘large
probability’.

Definition 3. For every n, Gy (€1n, €2n, An) is defined as a
bipartite graph, with its left vertices consisting of all x" €
T! (X) and the right vertices consisting of all y™ € T7, (Y).
A vertex on the left (say ) is connected to a vertex on the

right (say §") if and only if (Z",9") € T} (X,Y).

We will use the notation Vx (.), Vy(.) to denote the vertex
sets of any bipartite graph. From the facts mentioned in Section
I, the following properties hold:

2The typical sets are with respect to distributions Py, Py x and Pxvy,
respectively.

3The constants of the typical sets for each n, when suppressed, are
understood to be some §,, with §,, — 0 and y/n-J,, — oo (delta convention).
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1) From Fact 2, we know that for any sequence of typicality
graphs {G,,(€1n, €2n, A\n) }, the cardinality of the vertex
sets satisfies

IN

1
Lo lVEG) - HX)| < e ©

IN

1

‘nlog|Vy(Gn)| —H(Y)‘ €n, @)
for some sequence €, — 0.

2) The degree of each vertex z" € Vx(G,) and y" €
Vy (G,,) satisfies

271(H(Y\X)-ﬁ-6n)7 )

degree(z™) <
< gMHXY)ten) 9)

degree(y")

for some ¢,, — 0.

Property 2 gives upper bounds on the degree of each
vertex in the typicality graph. Since we have not imposed
any relationships between the typicality constants €y, €2,, and
An, in general it cannot be said that the degree of every X-
vertex (resp. Y -vertex) is close to 27 1X) (resp. 27H (XIY)),
However, such an assertion holds for almost every vertex in
G, Specifically, we can show that the above degree conditions
hold for a subgraph with exponentially the same size as G,.

Proposition 1. Every sequence of typicality graphs
Gn(€1n,€2n, A\n)  has a  sequence  of  subgraphs
Ay (€1, €2, An) satisfying the following properties  for

some §,, — 0.

1) The vertex set sizes |Vx(Ay)| and |Vy (Ay)|, denoted
0% and 05, respectively, satisfy
1
‘log@} —H(X)' < bn, Vn
n
1
‘log&%} - H(Y)’ < 4, Vn. (10)
n

2) The degree of each X-vertex x™, denoted 0™ (z™) sat-
isfies
1 ,
’10g9 (™) — H(YX)’ <9, Vz" e Vx(4,).
n
(1D
3) The degree of each Y -vertex y", denoted Hln(y"), sat-
isfies
1 ’
\nloge ") - H(Xm\ <6 V€ Vi(Ay).
(12)

Proof: The proof is provided in a more complete ver-
sion [8]. [ |

IV. SUB-GRAPHS CONTAINED IN TYPICALITY GRAPHS

In this section, we study the subgraphs contained in a
sequence of typicality graphs.
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A. Subgraphs of general degree

Definition 4. A sequence of typicality graphs G, (€1p, €2, A
is said to contain a sequence of subgraphs ', of rates
(Rx,Ry,R,R}) if for each n, there exists a sequence
0n — 0 such that

1) The vertex sets of the subgraphs have sizes (denoted A’y
and AY,) that satisfy

1 1
‘logA}—RX‘Sdn, ‘logA’{/—Ry < 0y, Vn.
n n

2) The degree of each vertex x" in Vx(I',,), denoted
A (z™) satisfies

<6, Va"eVx(T,), Vn.

n»y

1 ’
71 ATL n _R/
’n 0g (z") Y

3) The degree of each vertex y™ in the Vy (I'},), denoted
A"(y™) satisfies

<6, Vy"eW(Ty), VYn.

n»y

1 /
KO

The following proposition gives a characterization of the
rate-tuple of a sequence of subgraphs in the sequence of
typicality graphs of Pxy-.

Proposition 2. Let G, (€1n,€2n, An) be a sequence of typ-
icality graphs of Pxy. Let us define R as all tuples,
(Rx, Ry, R, Ry), such that G, (€1p, €2n, Ap) contains sub-
graphs of rates (Rx, Ry, R, R}). Then,

R'CR 13)

where R' is defined as follows:

R' £ {(Rx,Ry,R,Ry): Rx < H(X|U), Ry < H(Y|U),
Ry < H(X|YU), Ry < H(Y|XU) for some Pyxy }.

Proof: The proof is provided in a more complete ver-
sion [8]. [ |

B. Nearly complete subgraphs

A complete bipartite graph is one in which each vertex of
the first set is connected to every vertex on the other set.
We next consider nearly complete subgraphs of the sequence
of typicality graphs. For this class of subgraphs, we have
a converse result that fully characterizes the set of nearly
complete subgraphs present in any typicality graph.

Definition 5. A sequence of typicality graphs G, (€1, €21, An,)
is said to contain a sequence of nearly complete subgraphs
Ty, of rates (Rx, Ry) if for each n, there exists a sequence
0n — 0 such that

1) The sizes of the vertex sets of the subgraphs, denoted
A% and AY, satisfy

1 1
‘1ogA§(—RX‘§5n, ‘logAﬁ—Ry < 0, Vn.
n n
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2) The degree of each vertex x" in the X-set of the
subgraph, denoted A™(x™) satisfies

1 /
—log A" (z"™) > Ry — 6p, Vz" e Vx(Ty), Vn.
n

3) The degree of each vertex y" in the Y-set of the
subgraph, denoted A'™(y™) satisfies

1 ,
—log A™(y") > Rx — 0n, Yy" € Vy(Tyn), Vn.
n

Proposition 3. Let G, (€1n, €2n, A\n) be a sequence of typi-
cality graphs for Pxy. Again, let us define R as all tuples,
(Rx,Ry), such that G, (€1n, €an, A\n) contains subgraphs of
rates (Rx, Ry ). Then,

R/ CR
where R" is defined as follows:

R” é {(Rx,Ry) N RX S H(X|U), Ry S I‘[(Y|U)7
Jor some Py xy such that X —U — Y}

(14)

Moreover, For all sequences of nearly complete subgraphs of
G, such that the sequence &, (in Definition 5) converges to
0 faster than 1/logn (i.e.lim, .o 0, logn = 0), the rates of
the subgraph (Rx, Ry) satisfy

Rx < H(X|U), Ry < H(Y|U)
for some Py xy such that X —U =Y. 4 In this case,

R'=R (15)

Proof: The proof is provided in the Appendix. |

C. Nearly Empty Subgraphs

So far, we have discussed properties of subgraphs of the
typicality graph G,,(€1n, €20, Ap) such as the containment of
nearly complete subgraphs and subgraphs of general degree.
We characterized these subgraphs based on the degrees of
their vertices. We now turn our attention to the presence of
nearly empty subgraphs in the typicality graph. We analyze the
probability that a randomly chosen subgraph of the typicality
graph has far fewer edges than expected. In particular, we
focus attention on the case when the random subgraph has no
edges.

Consider a pair (X,Y) of discrete memoryless stationary
correlated sources with finite alphabets X and ) respectively.
Suppose we sample 2771 sequences from the typical set
T (X) of X independently with replacement and similarly
sample 22 sequences from the typical set 77 (Y) of Y.
The underlying typicality graph G, (€1, €2,, As) induces a
bipartite graph on these 2™t + 2"%2 sequences. We provide
a characterization of the probability that this graph is sparser
than expected.

With these preliminaries, we are ready to state the main
result of this section.

4We use the notation X — U —Y to indicate X, U, Y form a Markov chain
in that order.
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Proposition 4. Suppose X and Y are correlated finite al-
phabet memoryless random variables with joint distribution
p(z,y). Let €1p,€an, \n satisfy the ‘delta convention’ and
Ry, Ry be any positive real numbers such that Ry + Ry >
I(X;Y). Let Cx be a collection of 2% sequences picked
independently and with replacement from T (X) and let Cy
be defined similarly. Let U be the cardinality of the set

UE{(z"y") €Cx xCy: (a™,y") € T} (X,Y)} (16)

Assume, without loss of generality that Ry > Ra. Then, for
any v > 0, we have

. 1 EWU)-U _ -
- 7 > ny
nhm nloglog [P( E(0) >e )}

o) Bt Ry —I(X5Y) =y if By <I(X;Y)
- Ry — v if Ri > I(X;Y)
(17)

Setting v = 0 in the above equation gives us

1 1 .
nh—>H;o gloglogm > min (Rg, R1 + R2 — I(X;Y))
(18)

This inequality holds with equality when Ry < Ry < I(X;Y).

Proof: The proof can be obtained using a version of
Suen’s inequalities [9] and the Lovasz local lemma [10]. It
is provided in a more complete version [8] [ |

V. APPENDIX

The first part of the proposition follows directly from
Proposition 2 by choosing Py xy such that X —U —Y form a
Markov chain. We now prove the converse under the stated as-
sumption that the sequence ¢, satisfies lim,, ., d,, logn = 0.

Suppose that a sequence of typicality graphs
G (€1n,€2n, A\n) contains nearly complete subgraphs T,
of rates Rx, Ry. The total number of edges in I', can be
lower bounded as

|[Edges(T",,)| A% - min degree of a vertex in Vx (I',)

A% - on(Ry —n)

AVANAVARIV]

A - on(Ry *%)Ar;j . 9—n(Ry+dn)
A% - Ay 27200, (19)

Each of these edges represent a pair (", y™) that is jointly A,,-
typical with respect to the distribution Pxy. In other words,
each of these pairs (2", y") belongs to a joint type[1] that is
‘close’ to Pxy. Since the number of joint types of a pair of
sequences of length 7 is at most (n + 1)I*1¥l, the number of
edges belonging to the dominant joint type, say Pxy satisfies
A% - AR 2 2n0n
(n+ D)lxNvE -
(20)
Define a subgraph A, of I',, consisting only of the edges
having joint type Pyxy. A word about the notation used
in the sequel: We will use 4,5 to index the vertices in
Vx(T'y,), Vy(Ty,), respectively. Thus ¢ € {1,...,A%} and

|[Edges(I",,) having joint type Pyy| >

j€{1,...,AL}. The actual sequences corresponding to these
vertices will be denoted x" (i), y™(j) etc. Using this notation,

-An £ {(7/7.]) S VX(FTL)’.] € VY(FR)
s.t. (2™(7),y™(4)) has joint type Pxy}  (21)
From (20),

A% - Ap2720n
(n + 1) [X][Y
We will prove the converse result using a series of lemmas
concerning 4,. Some of the lemmas are similar to those
required to prove in [4, Theorem 1]. We only sketch the proofs

of such lemmas, referring the reader to [4] for details.
Define random variables X', Y™ with pmf

PH((X™™, Y"™) = (" (i), 4" () = o if (i.]) € An.

AL
(23)

[An| = (22)

Lemma 1. [(X'™;Y'™) < 2nd,, + |X||Y|log(n + 1).

Proof: Follow steps similar to the proof of [4, Lemma 1],
using (22) to lower bound the size of A,,.

The next lemma is Ahlswede’s version of the ‘wringing’
technique. Roughly speaking, if it is known that the mutual
information between two random sequences is small, then
the lemma gives an upper bound on the per-letter mutual
information terms (conditioned on some values).

Lemma 2. [11] Let A®, B™ be RV’s with values in A", B"

resp. and assume that
I(A";B") <o

Then, for any 0 < ¢

{1,...,n} where 0 <

atlybtlvdtgvbtza "'7atk7btk

I(Ay; Bi|Ay, =@y, By, = by, oy Ay = @y, By, = by,,) <6
fort=1,2,....,n, (24)

there exist ty,ta,...,t; €

20

< 0o
k< 5 such that for some

and

P’I’(Atl == Eztl,Btl == Btlﬂ "'7Atk == dtk,Btk = Btk)
S R
—|A[IBI(20 = 9)
In our case, we will apply Lemma 2 to random variables

X'™ and Y'™. Lemma | indicates o = 2nd,, + |X||Y|log(n +
1), and 0 shall be specified later. Hence we have that for some

20 2(nd, + |X]|Y|log(n + 1))

k. (25)

k< —
_6 6 b

there exist Ty, , Uiy, Ttys Yto, -5 Ttr» Y, SUch that for all ¢ =

1,2,...,n

I(X£7 YL‘/|X£1 = ftlvytll = gtl""’Xt/k = i'tmy;f/k = ytk) <é.
(26)

We now define a subgraph of A,, consisting of all edges
(X™,Y'™) that have

I A A A
Xt - xtwy;l - yhv""th _xtw}/tk = Y,

1
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The subgraph denoted as A, is given by: °

An £ {(i,4) € A : 27
t/l (Z) = ‘ftl7}/t/ (.7) = gtl”"”Xék (2) = thYZ (.7) = gtk}

On the same lines as [4, Lemma 3], we have

1)
|X|[V](20 — 9)
Define random variables X™, Y™ on X™ resp. Y by

| AL > ( )¥ Al (28)

PT((XH’?n) = (xﬂ(l)vyn(])) (Zv.]) € An (29)

1
= —if
| An|
If we denote X" = (X, ..., X,,), Y™ = (Y1, ..., Y;,), the Fano-
distribution of the graph A,, induces a distribution Py, v,
on the random variables X;,Y;,t = 1,...,n. One can show
that [4] forall t =1,2,...,n

P(X] = 2,¥] =yl X}, (i) = 31, .

Y/ () = G0 Vi () = G ) GO)

Using (30) in Lemma 2, we get the bound (X;;Y;) < 6.
By applying Pinsker’s inequality for I-divergences [12], we
conclude that for all t = 1,2, ..., n,

; Xt/k (Z) = Ty,

SO IPr(Xy =1, =y) — Pr(X; = 2)Pr(Y; = y)| < 26'/°.

z,y

(3D

We are now ready to present the final lemma required to
complete the proof of the converse.

Lemma 3.

Rx < H(X.|Y;) + 01n,

S
M=

o~
Il
—

Ry < H (Y| Xt) + dan

S|
NIE

t

1< -
Rx + Ry <~ H(X,Y)) ++03,
t=1

I
~

for some 01y, 21,03, — 0 and the distributions of the RV’s
are determined by the Fano-distribution on the codewords
{@™(@),y" (7)) : (i,4) € An}.
Proof: The proof is provided in a more complete ver-
sion [8]. . n
We can rewrite Lemma 3 using new variables X,Y, Q,
where @ = t € {1,2,...,n} with probability % and
Pxv1g=t = Px,v,- So we now have (for all sufficiently large
n)’

Rx < H(X|YQ) + b1 (32)
Ry < H(Y|XQ) + dop, (33)
Rx + Ry < H(XY|Q) + 63n, (34)

SThe heirarchy of subgraphs is G, D Ty, D An D A,
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for some 01, 025, 03, — O.

Finally, by using (31), we conclude that for all ¢, X; and
Y, are almost independent for large n. Consequently, using
the continuity of mutual information with respect to the joint
distribution, Lemma 3 holds with for any joint distribution
Py PxoPy|q such that the marginal on (X,Y) is Pgy.
Recall that Pgy is the dominant joint type that is A, -close
to Px,y. Using suitable continuity arguments [4], we can
now argue that Lemma 3 holds with for any joint distribution
PqPx|oPy|q such that the marginal on (X,Y) is Pxy,
completing the proof of the converse.
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