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Abstract—We derive random-coding/binning error exponents
for block source coding for finite-state sources. Specifically, our
derivation accounts for a mismatch in the finite-state source
model, recovers known special cases and provides an achievable
rate, the generalized entropy rate, that quantifies the loss in rate
with respect to the entropy rate induced by mismatch.

I. INTRODUCTION

Consider a finite-state source with source alphabet V), a finite
set of states S = {1,2,..., A}, A conditional probability mea-
sures {p(:|s)}scs, and a next-state function f : S x ¥V — S.
Given an initial state sq, the conditional probability of a source
sequence v" = v1,...,v, € V" is defined as

Pynis(v™[s0) = HPV|S (vilsi-1) (1
where s; = f(s;— 17vi) for all 1 < ¢ < n. We define,
Py (v Z APVn|s "s0). )

With some abuse of notation we will use S to refer to this
source model. A finite-state model S is said to be irreducible
if and only if it is possible, with nonzero probability, to reach
each state from any other state in a finite number of states.

A block source code C(n,R) is defined as a mapping
g : V" — X of source n-tuples v € V" to a set of
indices/bins/codewords X = {1,..., M} where R = + log M
is the code rate. A decoder ¢ : X — V" maps each in-
dex/bin/codeword back into a source n-tuple 0™. Typically the
number of codewords is smaller than the number of n-tuples
and the decoder makes an error whenever ¢(z(v™)) # v".

Given the source model S, the initial state sg and a block
source code C(n, R), the decoder that minimizes the average
probability of the error is the maximum-likelihood (ML)
decoder which maps each codeword x to the most likely source
sequence encoded into z, i.e.,

0" = ¢(x) = 3)

argmax Py« (v"]sg)-
v g(vn)=x
Block source codes have been considered in a number of works
in different contexts, see e.g. [1]-[4] and references therein.
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In practical systems, the exact source model is almost
never known exactly and we are bound to fit some model
to the source data and use the extracted model for designing
an efficient code. Therefore it is meaningful to assume that
in a block source coding setup, the decoder always uses a
mismatched source model for decoding. Such a model can be
generated during the encoding process and shared with the
decoder to allow for correct decoding.

II. MAIN RESULTS

Assume that instead of the real source model S, we describe
the source with a mismatched model with a finite set of
states S = {1,2,. A} A conditional _probability measures
{Q(18)} ;cs- and a next-state function f: S x V — 8.

We consider a maximum metric decoding based on mis-
matched model without the knowledge of initial state as
follows,

= ¢(z) = argmax q(v"™, ), “4)
where -
g™, x2) = Qua(v")1 {g(v") =z}, )]
and Qv (v") = 5 X5 Qunis(v”]50).

In the following, we consider the random ensemble of
(n, R) codes for alphabet ) as the set of all (n, R) block codes
where each source n-tuple is mapped randomly, independently
and with equal probability % into one of the M indices
or codewords independent from the initial state sg. In this
paper, we study a random-coding error exponent for finite-
state sources S with decoding based on a mismatched source
model S.

Theorem 1. For a finite-state source with irreducible model
S, there exists a block code with M = [e™] codewords such
that using a decoder based on mismatched source model S
for any initial state 5o we have

Pe(50) < e o) (6)
where
eT(R) = sup pR - ES(ﬂv T)a (7)
p€l0,1],7>0
Es(p,7) =log Mp, ) + plog A(1) + o(n) ®)



and X(p,T), 5\(7) are respectively the largest magnitude eigen-
values of the matrices I, € RAAXAA T e RAXA wirh
entries

Py sis(v, jlk)
Yoy = 3 AL ©)

JIRE ~ Qu.s1s(v, jlk)7
ZQVS\S k)T, (10)
where 5.1 (p,7) is the entry in row (j —1)A+j and column

(k—1)A+k of matrix T, ;.

Proof: Since the decoding metric is independent of the
initial state we bound the random-coding error probability as

;aesZPw(v”)P[ U ", %) > gl

,En;évn
For events {B;} it can be shown that for any 0 < p < 1 we
have P, B;] < (3, P[B;])” [5, Ch. 5]. Using the random
ensemble definition, for any sequences v™,v" we have

X)) aD

Plo(o", X) 2 g(v", X)] = 21 [Qun (o) 2 Qu (0]
(12)
1 Qun(@")7
= M Qv -

for any 7 > 0. Therefore, the average error probability
(averaged also over the initial state)

o g e 8 ey

2 Queloy

Since the average error probability over the ensemble is upper
bounded as in (14), there is at least one code in the ensemble
that satisfies the above bound. Also, since the error probability
for such a code is an average over A equally likely states, the
conditional error probability given any particular initial state,
can be no more than A times the average. This gives a bound
on error probability which is valid for any initial state and no
longer depends on the assumption of the equally likely states
as per (2). Therefore, conditional on any initial state S € S
the average error probability is bounded as
P
) . (15)

ﬁe(EO)S% Z an(Un>( Z QV”(’T)”)
(16)

(14)

iy wigin Qun(v™)

For any sequences v™, 7™ we have

M < A|T—1| 250 QV"‘S(T]nlgO)T
Qyn(v™)™ — Z% QV"\S(UM%)T.

This can be seen by considering separately the cases for 7 < 1
and 7 > 1. For 7 < 1 we use the inequality (> a;)" <> al
for 0 < r <1 to upper bound the numerator and (>_ Pa;)" >
>~ Pial for r <1 to lower bound the denominator. For 7 > 1
we use (> Pa;)” < > Pal for r > 1 to upper bound the
numerator and (3" a;)” > > al for r > 1 to lower bound the

denominator. Substituting (16) in (15) we get

AApIT—1]
Mer

XZPVn

vmEeEYn

De(50) <

P
) .37

We further bound the term in brackets by swapping the sums
over v and Sy and upper bounding the numerator using
>a)" < > al for 0 < r < 1 and lower bounding the
denominator using (> P;a;)” > > P;al for r < 1. This gives

>z, Qunis(07]30)7
(ZZ Qvns(v™[55)7

on

AAPIT-1
ﬁe(go = Mr
. P
T (e Quas@0))
x Y Pyn(v") = ———. (18)
sy AP=1S g Qunis(v™85)7°

Using (2), changing the order of sums over v" and sy and
upper bounding the sum over sy by A times maximum over
so, and upper bounding the sum over §y by A times maximum
over §p and upper bounding the sum over §j as

1 1

_ < max —
Eg/o Qv s(v™]85)™° 8 AQyns(v™|55)7P
we obtain

AAPIT—1]=p+1 )
7maxmaxmaxe nEs (p,T,So,So)

19
Mpr S0 34 30 (19)

Pe(30) <
where

Es(p7 T, 50, §67 *§0)

1
:glog Z PanS(U

pneyn on

" 50) (ZQWS 13" >p (20)

Qvns(v™]5,

We notice that the bound in (19) is valid for the general
finite-state source without the deterministic state transition
assumption. Similarly to the channel coding case with ML
decoding [5, Sec. 5.9] it can be shown that for any s, 5, S0
the function E(p, 7, so, §(, $0) is continuous, increasing and
convex in p with Fs(0, s, sq, 8),8) = 0. This will prove
important to derive the corresponding achievable rate. In the
following, we proceed to simplifying (19).

In the following, we split the maximization argument in (19)
into two terms and work out the two terms separately

AAp|‘f' 1=p+1 Pvn|s(1)n|80)
Mp Qvn|s(v™]30)7°

p
X max <Z Qvng(vnéo)T> ,
SO f}"L

where in the first term we change the notation from &}, to 5o,
since after splitting there is no more confusion between those.

max max
o0 S0 un GV”

Pe(S0) <

21

Based on the state transition mechanism of source model
S and mismatched model S given the initial states sg and S,
the source sequence v = (vi,...,v,) uniquely determines
state sequences s = s(v”,sg) and § = §(v", ¢). Therefore,



similarly to [5, Eq. (5.9.31)] we can define

Pyn g(v™|s0) ~
Pvn S|S 5‘80) _ W for 8,8 (22)
Qvn sis(v™, 8|30)7° 0 othewise,
and
Pyn g15(v", 8]s0) ﬁ Py s15(vi, silsi—1) (23)

Qvn sis(v™, 8[30)7° 1 Qv,sis(vi, 8il8i—1)7"
where

Pyis(vilsi—1) for s; = f(si—1,v;)
Py s15(vi, silsi—1) :{ vis(vilsi-1)

0 othewise.
(24)

We thus write the first term in brackets in (21) as

T Pysis(vis silsio1)
max max (25)
SZS:;H Qv,s|s(vi, 8il8;i-1)7"
Py 515(vi, silsi—

—maxmaxZHZ v.518 |si-1) 26)

58 i=1 v QVS|S (vi, 8i]8i-1)7"

Similarly, we write the second term in brackets in (21) as

maX(ZHZQVSS Vi, 8l 8i-1)" ) -

5 i1=1 v;

27

Now we define an AA x AA matrix T, with elements
Py s15(v, jlk)
- Qv,s15(v, jlk)™°

f(k,v) and ~ ik (P, T) = 0 otherwise.
X
) =

Viskk (P, T) = (28)

for j = f(k,v), j
n

We also define a A matrix I‘ with elements

i
il

> Qusis(v,jlk)", (29)

for j = f(k,v) and Y;#(7) = 0 otherwise. Observe that the
matrices I', - and fT, are not always stochastic matrices. We
denote by 1 and 1 respectively column vectors of length AA
and A with all 1’s and by e(s030) and e(3) respectively row
vectors with a 1 in position corresponding to (sg — 1)/1 + 3¢
and Sp, and O in all other components. We rewrite the bound
(21) as

AAPIT=1]=p+1 (

P maxmaxe(soso)F 1)

S0 S0

ﬁe(so S

x (max (e(go)fﬂ)p) (30)
So
We note that if both actual and mismatched models are irre-
ducible, the product model corresponding to the matrix I, -
will have a single irreducible subset and the rest of the product
states will be transient states, namely their stationary proba-
bility will be zero. Therefore we can omit rows and columns
corresponding to those transient states from I', - matrix and
obtain an irreducible matrix. Assuming that the matrices I, -
and f‘T are irreducible, using Perron-Frobenius theorem we
know that they have largest magnitude eigenvalues with real

positive values. We denote these dominant eigenvalues by
A(p, 7) and A(7) and their corresponding positive right eigen-

vectors by u(p, 7) = (u1(p,7), ..., us4(p, 7)), wjj(p,7) >

0 and @(7) = (u1(7),...,uz(7)), uz(r) > 0 respectively,
such that

FPszl’(va) )‘(pv ) (P, ) (31)

Bra(r) = A (2)

The positive right eigenvectors u(p,7) and @(7) are unique
except for a multiplicative factor. To make them unique we

assume that
Zujj(va) =1, Z’&j(T) =
Jj J

If we denote by umax(p,7) and umin(p,7) the largest and
smallest component of the positive right eigenvector u(p, 7),
then for any sy and Sy we have

(33)

Umin (pv T) A"

A n Umax\PsT) \n
e (pr ) PT) S els0d0)l 1 < Umax(PT) \n, 1. (34

Umin (,07 T)
Using a similar bound on the second term in (30) we obtain

AAPIT—1l—p+1 umax(va))\n

De (30) = MP umin(p; 7_) (p’ T)
ﬁ/max(T) Y P
—\" 35
X (ﬁmin (T) (T)) ( )
— e—"(f’R—Es(l’ﬂ'))’ (36)
where
El(p,7) =log \(p,7) + plog A(r) + 6, (37)
and
bn = 1 log Unax(P,7) ?ma"“)pAAP\T—H—p“ . (38)
n Umin(p; T) Umin (T)p
Finally, observe that for any sg, 5o using (34) we obtain
(57500~ Tog Alp. ) plog ()
1 max l) Amax P
< Liog (™ (o) timax (7)) (39)
n Umin (P» T) Umin (7—)/)
|

We observe that the term (38) is the only term depending on
the block length n is decreasing with n since the argument of
the log function is greater than or equal to 1. This in turn shows
that the corresponding achievable rate, termed the generalized
entropy rate, is non-increasing in n and thus, it is attained in
the limit for n — co. The generalized entropy rate is defined

as
gcr = }_g%zukk ); 7PV|S(v‘k)

Qv s(vlk)T >’

log < - =
Dk U (7) 225 Qv (0IK)T
(40)



where u,;(0) is the stationary probability of the product state
kk and 4y, (7) is the k'-th element of the eigenvector (7).

Theorem 2. For a finite-state source with irreducible model
S using block code and a decoder based on a mismatched
source model S, the generalized entropy rate Hge (V) is an
achievable rate.

Proof: For any 7 > 0 the generalized entropy rate is
obtained as n — oo and thus it is given by

0
Hger (V,7) = lim %E s(p, T, 50,50) | p=0

n—oQ

0 .
= —log A(p, 7)|p=0 + log A(7). 41

dp

The next steps to obtain the generalized entropy rate follow
similar lines as [6] where VaSek derived the error exponent
and entropy rate of an ergodic Markov source. Using (33),
from (31) and (32) we have

ZZ%M P T iP5 T Z)‘ P T)ugi(p, T) = Ap, 7),
JJ

(42)
and

(43)

DD Ail)ik(r) =
ik

In the following, in order to simplify the notation, we define
pjr(v) = Pv,ss(v, j|k) and g3 (v) = Qv,s15(v, j|k). Taking
the derivative of log A(p, 7) with respect to p using (42) and
simplifying it we obtain

p]k

- TYYL )

kk pa
X IOg(Qj/}( 0) ugi(p, 7 +ZZ Lo Ao ) ;Ck(P»T)'

Il kk

> Amin(r) = M)

aglog/\ (p, 7

(44)

Since for p = 0 from (28) the entries of the matrix I'g - do not
depend on 7, we omit the dependence on 7. We observe that
the resulting matrix denoted by I'y is a stochastic matrix with
column sums equal to 1, i.e., 357,5(0) = 32, pjr(v) =1
Therefore it has a largest magnitude eigenvalue A(0) = 1 with
positive right eigenvector »(0) which is the stationary state
distribution of the product finite-state model.
Evaluating (44) at p = 0 we obtain

0
—log)\(p, Np=0 = — ZZZPM ) log(g;7,(v)")uy(0)
J? v
+Z“k1§;
kk

Taking the derivative of both sides in (42) with respect to
p we obtain

> (Vo m)ugslp, ) + Mp, )0, 7)) = X (p, 7).

Jj

(45)

(46)

Simplifying the left hand side and canceling X' (p, 7) from both

sides we have

7) D uj(pT 7)
jj
Since A(p, 7) is strictly positive, we get > 5 u’;(p,7) = 0 and

therefore, the second term in (45) is cancelled. Introducing
(45) and (43) in (41) we obtain

ZZZM ) log(q55,(v) )1, (0)

Hyex(V,7) =

+log [ DD g (v) iy (r) (48)
b kv
Noting that p;(v) = 0if j # f(k,v) and similarly g;; (v) = 0

if j # f(k,v), we merge the sums over jj and kk and also
sums over j and % in (48) obtaining

Zukk 0) Y Pys(vlk) log(Qvs(v[k)7)

Hyex(V,7) =

+log [ Y (1) Y Quis(vlk) (49)
fc v

Noticing that »_, ; u,;(0) >, Py|s(v|k) = 1, combining the
two terms in (49) we obtain (40). [ |

III. SPECIAL CASES

Using our general result from Section II, we recover special
cases of a memoryless mismatched model and a matched
finite-state model.

Theorem 3. For a finite-state source with irreducible model S,
there exists a block code with M = [e"?] codewords such that
using a decoder based on a memoryless mismatched source
model for any initial state 5o we have

Pe(80) < e ert)
where
er(R)= sup  pR—Ey(p,7),
p€[0,1],7>0
and
E(p,7) =log A(p,7) + plog Y _ Qv (v) (50)
+ og (“ma"(p’ v A), (51)
n umin(pa T)
with achievable rate
Hgee(V) = inf = P (v)log W s
Z'D QV(U)T
where Py (v) = >, ux(0)Pys(v|s = k).
In the case where the source is also memoryless, (51)
reduces to
> Qv(v)” ) g
= lo Pyv)| ==———) . (53)
g%: v )< Qv (v)7



1/ps

Fig. 1: Binary source with 4 states.

with achievable rate given by (52).

Theorem 4. For a finite-state source with irreducible model
S, there exists a block code with M = [e"™*] codewords such
that using a matched decoder for any initial state 59 we have

Pe(80) S e7mer®

where
e(R) = max pR — Ei(p),
p€[0,1]
and
1+ Umax
Es(p) = (1+p)log A(p) + 7lpbg<u ,83A>, (54)

with achievable rate

Hyer(7) = inf — Zuk )Y Pyis(v]k) log Pys(v]k),

1nf Z ug (0

Example 1. Consider a binary source with 4 states given
in Fig. 1. The entropy rate of this source is given by
H(V) => mH(V|s;) where m; is the stationary probability

of being in state si. Assuming the conditional distributions of
the source as {po,p1,p2,p3} = {0.3,0.6,0.2,0.7} we can
calculate the stationary probabilities as {my, T, 72, T3} =
{0.4,0.15,0.15,0.3} and the entropy rate of the source as
H(V) = 0.8708 bits. Assume that at the decoder we attempt
to describe this source with three different models: i) a
matched model, ii) a mismatched model with 2 states as
shown in Fig. 2 with conditional probabilities {pa, Py} as
Pa = s = 0.2727 and py, =

H(VIk). (55)

0.6667, lll) a memoryless model with distribution {1 — p,p}
= Y. mp; = 0.45. The generalized entropy rate of the

models are Hé’efz(V) = 0.8782 and Hg(Z?(V) = 0.9928 bits,
respectively. Fig. 3 illustrates the error exponent and entropy
rate losses due mismatch.

(1]
(2]
(3]
[4]

(5]
(6]

1/pa
@ Do
0/py

Fig. 2: Mismatched model with 2 states.
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Fig. 3: Error exponents for Example 1.
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