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Abstract—This paper shows that the probability that the
error exponent of a given code randomly generated from a
pairwise-independent ensemble is smaller than a lower bound
on the typical random-coding exponent tends to zero as the
codeword length tends to infinity. This lower bound is known to
be tight for i.i.d. ensembles over the binary symmetric channel
and for constant-composition codes over memoryless channels.
Our results recover both as special cases and remain valid for
arbitrary alphabets, arbitrary channels—for example finite-state
channels with memory—, and arbitrary pairwise-independent
ensembles. We specialize our results to the i.i.d., constant-
composition and cost-constrained ensembles over discrete mem-
oryless channels and to ensembles over finite-state channels.

Index Terms—Error exponents, typical random codes, typical
error exponent, expurgated bound.

I. INTRODUCTION

INCE Shannon’s work [1], the random coding method
Sremains a key tool in information theory and is applied
to a wide variety of communication and compression settings.
Specifically, by analysing the probability of error averaged
over a certain ensemble of randomly generated codes, it is
possible to show the existence of sequences of codes with a
certain rate having vanishingly small probability of error.

A refinement of the random coding analysis allows to
show that, for any discrete memoryless channel (DMC),
the ensemble average error probability decays exponentially
according to a certain error exponent, often referred to as the
random-coding exponent [2], [3]. The resulting exponent is
known to be tight at high rates [4], but not at low rates.
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By expurgating poor codebooks from the ensemble, it is
possible to show that there exist sequences of codes that
attain the expurgated exponent, known to be strictly better
than the random coding one at low rates [3], [5], [6]. While
it is difficult to infer the structure of the resulting expurgated
ensemble, it is useful to prove the existence of good low-
rate codes. The expurgated exponent is known to be tight at
rate that tends to zero [4]. It is also possible to show the
existence of codes that attain the maximum of the expurgated
and random-coding exponents [6] and to construct explicit
random-coding ensembles that attain the same maximum [7].

As opposed to the exponent of the ensemble-average error
probability, Barg and Forney [8] studied the average error
exponent attained by the i.i.d. random-coding ensemble over
the binary symmetric channel (BSC). They coined the result-
ing exponent the typical error exponent and showed that at
low rates, it can be strictly higher than the random-coding
exponent and strictly lower than the expurgated —the typ-
ical and expurgated error exponents coincide for rate zero.
Nazari et al. [9] derived bounds to the typical error exponent
with constant-composition ensembles for discrete-memoryless
and multiple-access channels. Significant progress in the
understanding of typical error exponents has been made since.
Merhav has derived the typical error exponent in a num-
ber of settings, including DMCs with constant-composition
codes [10], trellis codes [11], and power-constrained ensem-
bles over the coloured Gaussian noise channel [12]. Recently,
Tamir et al. [13] showed that the probability of finding a
code whose exponent is lower (higher) than the typical error
exponent decays exponentially (resp. double-exponentially)
illustrating an asymmetry in the lower and upper tails of
the distribution of the error exponent of random constant-
composition codes. The concentration properties of the error
exponent of randomly generated codes is studied in [14].
Tamir and Merhav [15] have shown that the typical error
exponent can be achieved by a universal decoder ignorant
of the channel law. Specifically, they have shown that a
stochastic decoder based on the empirical mutual information
between the received sequence and each codeword attains the
typical error exponent. Most aforementioned derivations of
the typical error exponent are done in the primal domain,
i.e., they minimize a certain objective function involving
information quantities such as the mutual information, entropy
or the relative entropy over a constrained set of probability
distributions.

In this paper, we refine a Lemma by Gallager to provide
a derivation of a lower bound to the typical error exponent
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for general channels and pairwise-independent random-coding
ensembles. As opposed to most previous works, ours is
naturally a dual-domain derivation [3], i.e., it is expressed
as a maximization of an exponent function over certain non-
negative real-valued parameters. This usually has the advan-
tage that any choice of parameters provides an achievable
exponent, and that it naturally extends to arbitrary alphabets.
In [16] Lagrange duality was applied to the primal domain
expression to obtain a dual domain expression for a lower
bound on the typical error exponent for independently and
identically distributed (i.i.d.) random coding and mismatched
stochastic decoding. The overall expression involves an opti-
mization over five parameters. Unlike [16], we directly derive a
dual domain achievability proof of the typical error exponent.
Our lower bound is valid for any channel and code ensem-
ble with pairwise-independent codewords, thus significantly
extending previous results, including [16]. We particularize
our result to i.i.d., constant composition and cost-constrained
ensembles over DMCs and we show that these coincide with
well known expressions for the typical error exponent for
DMCs, i.e., is tight in such cases. As a consequence of our
derivation, we provide a rather direct dual-domain derivation
of the expurgated exponent for constant composition ensem-
bles. We also particularize our bound to the case of finite-state
channels (FSC). Although it is known that reliable commu-
nication over a finite-state channel is theoretically possible
at any rate below capacity [3, pp. 176-182], comparatively
little research has been carried out with respect to DMC [17].
As pointed out in [18], the most studied channel model with
memory has been the finite-state channel (FSC) and some of
its special cases. The channel coding theorem for finite-state
indecomposable channels was first proved by Blackwell,
Breiman and Thomasian [19]. The random-coding exponent
for FSC was studied in [20] and [21] and further developed
in [3, Sec. 5.9]. In this paper, we provide an expression for
the corresponding lower bound on the typical error exponent.
Finally, we present an extension of our results to the case
of a mismatched decoder, of which the maximum likelihood
(ML) is a special case, which is valid for all channels and
pairwise-independent code ensembles.

The paper is structured as follows. Section II introduces
the preliminaries and the main notation used in the paper.
Section III introduces the refinement of Gallager’s lemma and
derives the main results of the paper. Section IV particularizes
the results of Section III to memoryless channels with i.i.d.,
constant-composition and cost-constrained code ensembles.
Section V shows how to adapt the main results in Section III
to finite-state channels. Proofs of some lemmas can be found
in the Appendix.

II. PRELIMINARIES

We consider coding over discrete channels with conditional
probability distribution W"(y|x), being € X™ and y € V"
the transmitted and received sequences of length n, and X', Y
the finite channel input and output alphabets, respectively. For
memoryless channels we have W"(y|x) = [/, W (yi|x:),
where z; € X,y; € Y. A code C,, = {x1,...,xn,}
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is a set of M, codewords of length n. We consider a
maximum-likelihood decoder that outputs message estimate m
as

m= argmax W"(y|xm,). (1)
me{l,...,M,}
Assuming equiprobable messages, the error probability of a
fixed code C,, is given by

M,
1 n
Pe(cn) = ﬁ Z Pe(c71,7m)7 2)
" m=1

where P,(C,,,m) is the error probability conditioned to code-
word x,, being transmitted. We define the finite-length error
exponent of a code C,, as

1
E,(C,) = —ElogPe(Cn). 3)

An exponent E is said to be achievable when there
exists a sequence of codes {C,,}>2; such that liminf,,_
E,(C,) > E.

Lower bounds on the error exponent of codes used over
discrete memoryless channels are traditionally derived using
random-coding arguments [3, Sec. 5.6], [22, Ch. 10]. More
specifically, let C,, be the random variable representing a code
randomly generated according to some probability distribution.
In code ensembles with pairwise-independent codewords, such
as the i.i.d., the constant-composition or the cost-constrained
ensembles later discussed in Sec. IV, the M,, codewords
are generated independently with some probability distribu-
tion Q™(x). For such ensembles there exists a sequence of
codes {C,,}22; whose limiting error exponent, given in (3) as
n — 00, is at least as large as the random-coding error
exponent F, (R, Q) given by

1
Er(Rv Q) = lim _ElogE[Pe(Cn)]a )
where R = lim, . %1ogMn is the code rate and @ is

the asymptotic single-letter version of Q". For the i.i.d., con-
stant composition and cost-constrained ensembles over DMCs,
(4) is the actual error exponent of the ensemble average error
probability, and not only a lower bound. The random-coding
error exponent in (4) is known to be tight at high rates [4]
while it is not at low rates. Expurgation allows to show
the existence of a codebook with an improved exponent, the
expurgated exponent Eey (R, Q) [3, Eq. (5.7.11)].

In contrast to the limiting exponent of the ensemble-average
error probability, Barg and Forney in [8] defined the typical
random-coding error exponent FEi..(R,(Q) as the limiting
expected error exponent of the ensemble, that is

lim —%E[log P.(C,)]- 5)

n—00

Etrc (R, Q) =

The typical error exponent improves over the random-coding
error exponent (4) at low rates, and is achieved by most codes
in the specified ensemble, unlike the expurgated exponent,
achieved by a subset of codes with unknown structure.
Therefore, the typical error exponent emerges as the error
exponent attained by a given ensemble for a coding length that
tends to infinity. Interestingly, the expressions of the typical
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and expurgated exponents are strongly connected. For the
ii.d. [8] and the constant-composition [10], [9, Lemma 3]
ensembles, the typical error exponent is shown to satisfy
Fuc(R,Q) = Eex(2R,Q) + R < Ewx(R,Q), with equality
for R = 0. In [10] an inequality sign is used, but this is only
because the improved expurgated presented in [23, Sec. I,
point 4] is used instead of Gallager’s.

III. MAIN RESULT

The main result of this paper is a consequence of the
following one, a refinement of a Lemma by Gallager
in [3, p. 151].

Lemma 1: Let 7, be a sequence in n taking values in RT.
For an arbitrary random-coding ensemble and channel and
s > 0, it holds that

P[P.(Co) 2 1 B[R(C] < ©)

In
Proof: For any s > 0, consider the random variable Z =
P.(C,)*® and let a = ~,E[Z] where v, is a positive real-
valued sequence. Markov’s inequality implies that P[Z > a] =
]P[Z% > a%] < %, obtaining (6). n

While Lemma 1 holds for any positive-valued sequence 7,
by adding the constraint that v, be monotonically increasing
such that lim,,_,~ v, = 0o, we obtain that the probability to
randomly generate a code C,, such that

1

P.(Cn) < 7 E[Po(Cp)*)} (7)

is larger than 1 — %, a quantity that tends to 1 as n — oo.
The r.h.s. of (7) shows a strong connection with the typical
random-coding exponent (5) as lim, .o log E[P,(C,)*]* =
E[log P.(C,)]. However, since we assume that -y, > 1 from
a certain n, the bound (7) is tightened for s < co. This result
is subsumed in Theorems 1 and 2, valid for channels with
arbitrary alphabets or memory and pairwise-independent code
ensembles.

For compactness of notation, in the following we will be
using the quantity:

R, & = 1og M, (8)

where lim,, o R, = R.

Before moving to Theorem 1 we define the following
quantities.

Definition 1: We define

Etrc,x(Rn; Qn) = E;lx(ana Qn) + Rn - 5n7 (9)

where
= E;L(j\n’ Qn) - 5\an

Eg(Rn, Q") 10)

is the multi-letter version of the expurgated exponent,

log (ZZQ” )Q" (x (scmc’)i)k,

Y

( Qn

Zn(z,x') =3, VWn(y|z)W"(y|x’) is the Bhattacharyya
coefficient between x, ' € X",

An = arg max{E} (X, Q") — \2R, } (12)
A>1

is the bound parameter that yields the highest exponent, while

An
op = — 1Og’7n7 (13)
n
and v, is a positive-defined sequence.
Definition 2: Let
Etrc,r(Rn; Qn) = E;L(Rna Qn) — ln, (14)
where
E;L(Rna Qn) = EO(ﬁna Qn) - ﬁTLRTL (15)

is the multi-letter version of Gallager’s random-coding expo-
nent in [3, Eq. (5.6.16)],

1 e
En ny—_ ] n W” 1+p
$0.QM =2 og(z(zcz ) )
(16)
pn 18 the optimal bound parameter
pn = argmax{ Eo(p,Q") — pRn }, (17)
0<p<1
and
1
tn = —logYn, (18)
n

where 7, is a positive-defined sequence.
Theorem 1: For a channel W™ and a pairwise-independent
ensemble with codeword distribution @™, it holds that

1
P [En(cn) > Etrc,lb(RVm Qn)] 2 1- ’)/_, (19)

n

where ~,, is a positive real-valued sequence and

Etrc,lb (Rn; Qn) = Inax {Etrc,x(Rn; Qn), Etrc,r(Rna Qn)} )
(20)
Proof: We start deriving an upper bound on the average

tilted error probability.
For a given code C,, with equiprobable messages, we have:

My,

Pe(cn): M ZP Cn7m)

M n

Z > W y|@,,) T

m=1 vy

P
( > W”(ylwm/)w) . (2)

m'#m

21

\ N

n

where (22), valid for p > 0 , is obtained from Gallager’s
bound to a given code [24]. Raising (22) to the power of s
with range in (0, 1], we have that:

My,

PC)" < (Mi > Wiylen) T

m=1 vy
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p s
- ( > LV“(ylxnw)1+P) ) (23)

m’'#m

ZW" ylzm,) ™0
p S
( > W"(ylwml)ﬁ) ) . 24

m’'#m

where (24) follows from the fact that (>~ a;)® < > (a;)® for
s € (0,1] [3, Ch. 5]. Taking the ensemble average of (24) we
obtain:

M,
E[P.(C,)*] <E [Z (Mi S Wyl X )

(25)

(2 wiyxa)
< )

m/#m
1 1

( g, 2 W WX T

M, L\ s

: ( ) W"(lemdw) (26)
m’/=1
1 1

= M,E Kﬁn zy: W (y|X) e -

M, N\
: (Z W"(lem/)m> ) ] 27)

m/=1

N——
»

where (27) is because m is a dummy variable and, after
averaging, it leads to M,, equal terms. Rising (27) to %,
we obtain the following bound on the tilted average probability

of error:

M, O :
( 3 Wn(y|Xm,)m) ) D . (28)

Now we proceed to upper bound the right-hand side of (7) in
two different ways starting from (28). We show that one of
the two bounds is E% (2R,,, Q")+ R,,, where E' (R,,, Q") is
Gallager’s expurgated exponent, while the other is the random-
coding exponent. In Remark 3 after Theorem 2 we show that,
under certain conditions, taking the maximum of the two and
optimizing over the input distribution we recover the typical
random coding (TRC) exponent for the whole range of rates
below capacity.

a) Derivation of Eiycx(R,,Q™): Restricting p to [0, 1]
in (28) while keeping s € (0, 1] we have the following set of
steps

wl=

E[P:(C)*]F <4 W (yl) T

(e (g

Mp, LN\
( > W"<y|xm/>m) )

m/=1

1

1

=

(29)

779

IN

1
Lo ( 3 Q" (@)E

W”(ylw) =7 .

] )’ (30)

(Z W (yl2) T -

My,
Z wW™(y|X,, ) TP )
[ M,
|3

1

X=wD§ 31)

= M—nM,L (Z Q" (x) Z E [(E W(ylz) Tt

x m/=1 Yy

P
WYX, 1*”)

1

) X::c:|>/\ (32)

WYX )" >

= () (Z > Q" @)Q" (@) -

® g/

1\ A
- (ZW"(ymf‘*‘W"(y\wv‘) A) (33)
Yy

1

= (M2)” (Z > Q' @Q" (@)

n o

% A
~(EW"<yw>“W"(yw’>f>> (34)

Y

<

(W (Z > QM (=)Q" (=)

x g/

1 A
: (Z W"(ymw"(y\w/>> A) (35)
Yy

where in (29) we conditioned the expectation to a given =
and averaged out over all possible x, (30) follows from
the inequality (3, a;)” < > ,(a;)” for 0 < p < 1,
(31) follows from the same inequality considered with respect
to s instead of p, equality (32) comes from renaming the
variables s — 1/\, p — t/(1 —t) (to make the expression
aesthetically similar to Gallager’s expurgated), changing their
ranges to A € [l,00), t € [0,1/2] and from the linearity
of the expectation, while (33) is because m’ is a dummy
variable of summation leading to M, identical terms and from
the fact that we consider pairwise-independent codewords,
which implies Q" (z'|x) = Q™(x'), where Q" (x'|x) is the
probability to generate codeword =’ given that codeword x
has been already generated. Now we note that (33) is convex
in t and symmetric with respect to ¢ = 1/2. Thus, (33)
is minimized with respect to ¢ in ¢ = 1/2, leading to
expression (35). Taking the negative normalized logarithm of
(35), we obtain for s € (0,1] and X € [1,00) that

o=

~~ log E[R(C)']} 2

by 1
Ry — A2R,, — ~log (Z Z Q" (x)Q"™(x") Zn(z, w’)k).
(36)

Including the v, in (36) and optimizing both sides in the
respective variables, we have

W =

11
il ——1 E[P.(C,)*]* b >
fé}%,’i{ S logmn og E[P.(C,)"] }_
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A
max ){_ﬁ logvn + Ry, — X2R,, +

A€[1,00
__log(ZZQn Qn

(x,x/)i) }
37)

b) Derivation of Eic (Rn,Q™): In the following we
derive the random-coding exponent starting from (27).
Restricting p to [0,1] in (28) while keeping s € (0,1] we
have now that

1
B

E[Pe(cn)s] '

1 1 n
(S

IA

(Z W (yle)

M, W 3
. (Z W”(y|Xm/)1+p> ) ‘X:mb (38)
< o Mi (ZQ“(w) (Eijv”(ymli»-
M, P N
El Y W”(y|Xm/)1+1»> X:wD ) (39)
< (Z A (ZW”ylw )t
M, 1 A\ E
: ( Y E [W”(y|Xm/)m X = scD ) ) (40)
- (Z Q" (= <Z W(yla) 757 -
(ZQ” 2) W"y|sc>l+»)p> ) 41)
- (Z Q" ( <Z W (yla) 757 -
(ZQ” e y|sc>>> ) 42)
= — MM, (Z Q"(x) (Z W™ (y|a) ™ -
(ZQ” ywr( y|sc>1+p>p> 43)
< — MM} ((Z Q (@)Y W(ylz) ™7 -
(ZQ” ywr( y|sc>1+ﬁ>p> (44)

N

< MM (Z Q" (@) 3 W (yle)
n x y

p
(ZQ” YW y|:c)1+P> ) (45)
1 1+p
< a5 (Seowert) ).

(46)

where (39) follows from Jensen’s inequality and the concavity
of z® for s € (0,1], (40) follows from Jensen’s inequality
and the concavity of z* for p € [0,1], (41) comes from the
fact that m’ is a dummy variable once the average over x’
is taken leading to ((M?)*)"* = M? equal terms, (42) is
because of pairwise independence of the codewords, in (43) we
applied the change of variable s — 1/t, t € [1, 00), while (44)
is because of Jensen’s inequality applied to the function z
which is concave for ¢ > 1. Taking the negative normalized
logarithm of (46), including ~,, and optimizing we find

11
———1 7——1 E[P.(Cp)?]*
gy {1 e - BRI

© =

> max max

t
{ - logyn, — pRn — (t — 1) Ry

t>1 pel0.1]
1+p
_—1og<Z(ZQn Wny|x)1+p> )}
Yy
(47)
= s e o
1+p
- —1og <Z (ZQ” YW (y|a') 77 ) )}
(48)

where (47) is because ¢t = 1 leads to the maximum.

Combining (37) and (47) and using Lemma 1 we obtain the
theorem statement. [ |

Theorem 1, since based on Lemma 1, only requires -,
to take positive values. By adding some additional constraint
on 7,, the next theorem gives a bound on the exponents of typ-
ical codes. Like Theorem 1, the following holds for channels
with arbitrary alphabets or memory and pairwise-independent
code ensembles.

Theorem 2: Let ~, be a positive real-valued sequence in n
such that

lim inf ~,, = oo, (49)
n—oo
1
Y — < (50)
n=1 Tn

Then, for any channel W™ and pairwise-independent ensemble
with codeword distribution Q™ it holds that:

B [lim inf £, (Co) > liminf Frvey (R, Q)] = 1.

n—00

D

Proof: The proof is based on the Borel-Cantelli lemma.
Such lemma is often used to upgrade convergence in proba-
bility to almost sure (a.s.) convergence. However, our theorem
does not consider either kind of convergence, although the
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result of the theorem is similar in spirit to going from
convergence in probability to a.s. convergence.

From the assumptions and from the statement of Theorem 1
we have that lim,, o ]P’[An(Cn)] = 0 where

An(cn) - {En(cn) < Etrc,lb(Rn; Qn)} . (52)

Consider also the following asymptotic event [25, Sec. 1.3]
[26, Sec. 2.3]:

limsup A, (C) = () | A(Ch) = {An(Cn) i0}, (53)

nee n>1k>n

where “i.0.” stands for “infinitely often” and denotes that
events of the kind A,,(C,,) happen for an infinite number of
values of n. The event in (52) corresponds to finding a code for
which the event within square brackets in (19) does not hold
(i.e. the complementary event). The event in (53) corresponds
to the event “infinitely many A,,(C,,) occur”. Note that in (53)
the code sequence C,,,n =1,...,00, is fixed.

To get an intuition on how this corresponds to the left-hand
side term in (53), assume there exists a positive integer n’
such that J,~, Ax(Ck) = 0, ie., no Ax(Cy) occurs for
k > n’. In this case less than n’ events of the kind A,,(C,,) can
occur, and so only finitely many such events happen. Note also
the following: consider the event (), -, A, (Cy). While the
occurrence of such event implies that infinitely many A,,(C,,)
occur, it also implies that each A, (C,),n = 1,2,... occur,
which is not needed here. Hence the union in (53). From

Theorem 1 and from (49), we have that ]P[An(Cnﬂ < %
and as a consequence that /
[ee]
ZP[AYL(CH)} < . (54)
n=1

By the Borel-Cantelli lemma [26, Sec. 2.3] and using (54) we
have:

P[An(cn) i.o.} —0. (55)

Equation (55) is equivalent to the statement of Theorem 2.
This can be formally proven noticing that equation (55)
implies that the event complementary to the one within brack-
ets has probability one and using the following identity

A, (Cp) i.0. = limsup A, (C,) (56)
= liminf A, (C,) (57)

where to obtain (57) we applied twice the De Morgan’s law
[25, Sec. 1.2]. [ |

Some considerations are in order.

Remark 1: We use liminf,, ., rather than lim,, ., in (51)
because on the one hand liminf,_. ., E,(C,) necessarily
exists in RU{—o0, +00}. On the other hand, for a given code
the limit of the exponent might not exist even if the limit of
E" (2R, Q™) does.

Note that we used the fact that R = liminf, .. 2
log M,, = limsup,,_, %1og M,,, which follows from the
definition of R.

781

Remark 2: Theorem 2 holds whether the positive sequence
0, has a limit or not and, if it does, whether it converges or
not. Let us consider the case in which it converges, that is

Pn

On =~ ~logym — ¢, (58)
where ¢ < oo. The smaller c is, the tighter the bound. Hence,
we are particularly interested in the case ¢ = 0. Note that (58)
implies ¢, — 0, since ¢, < 6,. Define p = lim, oo fn-
Assume that p < oo. Then we need that lim,, ... d, =
limy, 0 %log vn» = 0, which imposes a further constraint
on -,. Instead, for p,, — oo we have that lim,, .. 9, = 0 if
and only if p,, grows slower than log"’% , €.g.,as P, = lo*gn.
Under these assumptions, §,, vanishes with n. Thus, 7, must
grow fast enough for the series of its reciprocal to converge,
but slow enough so that the above holds. This is the case,
for example, for i.i.d. codes and constant-composition codes
over DMC as well as any code over finite-state channels,
as we show in the next section. We analyze the case in which
pn — o0 in Section III-B.

In some case it can happen that, although ¢, and J,, go
to 0 asymptotically, the statement of Lemma 1 has limited
practical relevance, despite the conditions of Theorem 2 being
satisfied. This is the case, for instance, in channels whose
capacity is zero. As an example, we consider the quasi-static
binary symmetric channel (BSC) studied in [27], where the
crossover probability of the channel p is fixed for the whole
transmission of a codeword, and changes randomly according
to some distribution, from codeword to codeword. In this case,
the ensemble-average error probability of the quasi-static BSC
E[P,(C,,)] does not vanish with n but rather converges to a
constant, the outage probability, given by Py, (R) = P[I(p) <
R,], where I(p) = 1—h(p) is the mutual information of a BSC
with crossover probability p, where the probability is taken
with respect to the random crossover probability p. In this
case, the complementary of the tail probability in (51), written
in terms of error probability instead of error exponent, with
s = 1 for simplicity, satisfies

P[nm inf P.(C,) > liminf, E[Pe(cn)ﬂ

—P {hm inf P,(C,) > liminf 5, - Pout(Rn)} (59)
=P [lim inf P,(Cp) > oo} (60)
—0, 61)

where we assumed that P, (R,,) > 0, in other words, that
the distribution of the crossover probability p is such that the
expectation in the left-hand side of (59) converges to a positive
number. For such channel, Theorem 2 applies but gives a result
which is not practically relevant.

There might also be cases that J,, diverges for R = 0.
Whether for a given pairwise code ensemble and channel this
is the case or not, depends on the variance of the quantity
log Z,,(x,x"), as will be shown in Section III-B.

Remark 3: Let Eo(R,Q) and E.(R,Q) be the asymp-
totic single-letter expurgated and random-coding exponents,
respectively in (10) and (15), and denote by @ the limiting
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distribution of Q™. If the following limits exist

lim Eg (2R, Q") = Eex(2R, Q), (62)
hm E;I (Rn, QYL) = Er (R) Q)7 (63)

after exploiting the superadditivity of liminf in Theorem 2,
it follows that

P|lim inf B, (C,) > max{Eex(2R, Q)+ R+

n—oo

~liminf d,, By(R, Q) — lim inf L}} —1. (64)

n—oo n—oo

Equation (64) holds independently on the behaviour of §,, and
tn, and specifically on whether they (or only one of them)
approaches 0 as n tends to infinity. Note that if they both
diverge, (64) leads to a trivial result while if only 4,, tends
to infinity while ¢, — 0 the maximum always coincides
with E,(R, Q).

Restricting to channels and ensembles for which §,, — 0
(and thus ¢, — 0, see Remark 2), Equation (64) becomes

P |liminf £,(C,) > max { Eex(2R, Q) + R, E:(R,Q)}| = 1.
(65)

Now, keeping the assumption that the limits exist and that
(65) holds, consider the maximum R (if it exists) such that
the optimal p leading to Fy(R, Q) is 1 and let us refer to such
rate as R*. We have: Eox(R*, Q) = E:(R*, Q), which follows
from similar arguments as in [3, Sec. 5.7]. Furthermore, since
the derivatives of Eex(R, Q) and E,(R, () with respect to R
are exactly —\ and —p, respectively, we obtain that

max {Eex (2R, Q) + R, E:(R,Q)}

_ |Ex(2R,Q)+ R R<R* 66)
EI‘(R) Q) R > R*7
recovering the TRC exponent over all rates. We note that
E,(R, Q) might be zero above a certain rate. Optimizing over
the input distribution @, such rate indeed coincides with the
channel capacity. Note also that, in case §,, — oo and ¢,, — 0,
then R* =0, i.e., Eyrc 1b(Ry, Q™) coincides with E, (R, Q).
Observe that Theorem 1 does not apply to code ensem-
bles whose codeword generation is not pairwise independent,
such as the random Gilbert-Varshamov (RGV) ensemble [7].
For this ensemble, it is known that the exponent of the
ensemble average error probability is the maximum of the
expurgated and random-coding exponents [7]. For ensem-
bles whose average error probability achieves the expurgated
exponent, like the RGV, by setting s = 1 in Lemma I,

we find that P|E,(C,) > E"(Rn,Q") — 54 > 1 e
implying that the error exponent of typical codes is lower
bounded by EI (R,,Q™). This can also be seen as a
consequence of Jensen’s inequality, since E[log P.(C,,)] <
logE[P:(C,)] = EL(R,,Q"), and thus FEi,(R,Q) =
lim, 0o —1E[log Pe(Cy)] > EZ (R, Q™).

A. Mismatched Decoder

While Theorem 1 and Theorem 2 assume a ML decoder,
they can be easily generalized to mismatched decoding, that
recovers ML as a special case. This is done by replacing
Eivex(Rn, Q™) and Eyc,(R,, Q™) with their mismatched
counterpart as follows. Let ¢"(x,y) be the decoding metric,
D, the decision region for codeword x,, according to such
metric and m the index of the codeword selected by the
decoder. The mismatched decoder uses the decoding rule

m= argmax ¢"(xm,y). (67)

me{l,...,My}
The choice ¢"(x,y) = W"(y|z,,) recovers the ML decoder.
If codeword x,,, is transmitted, for all y ¢ D,,, where D,, is
the decoding region for message m, we have that

T 4
Z <q (wm’ay)) > 1,
iz N€ (T, Y)
for 7 > 0, p > 0. Using (68), we can bound the probability of

error P.(Cy,,,m) and find an upper bound on the probability
of error for a given code in the ensemble. Similarly to (21),

we have
M, n , 7\ P
s 2o X ()
(69)

(68)

m=1 y m’'#m

where (69) follows from (68) and from extending the sum to
all y.

Using (69) instead of (21) in the proof of Theorem 1
we obtain that Eyyc (R, Q") and Eiycx(R,, Q™) are now
respectively given by

Etrc,r(RVm Qn)

1 1
= —~logn — pR, — ~log[ Y Q" () -
pe[g(,lﬁ?'{r>0{ n 0g v — pRy n Og( - ( )

.gvv”(yn)(;c?"(w')(%y)p) }
(70)

and

Etrc,x(RTM Qn)

= max
A>1,7>0

{—é log v, + Ry, — A2R,+
n
A
— = log (ZZQ"(w)Q”(w')-

(Zwwe(5en)) )}
(71)

Note that, except for the term —% log s, the result in (70)
recovers the expression of Gallager’s mismatched decod-
ing exponent for i.i.d. inputs [28, Eq. (7.4)]. Similarly,
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subtracting R,, and —% log 7y,, from (71) and substituting 2R,
with R,, in the remaining expression, one recovers the expur-
gated exponent for the mismatched decoding i.i.d. case given
n [28, Eq. (7.35)]. Using (70) and (71), Theorem 1 and
Theorem 2 can be directly extended to the mismatched case.

B. Low Rates, p,, — o0

For some channels and ensembles it can happen that, in the
rate regime where Eircib(Rpn, Q") = FEiex(Rn, Q™). the
optimal \ grows unbounded with n, i.e., ;\n — 00. This is
easy to see for R = 0, but can also happen for positive
rates. We start by calculating the derivative of E7' (A, Q™) with
respect to A\ and show that it is strictly positive, except some

special cases, for n > 2 and 1 < )\ < co. We have:
En ( Qn)
8>\

=——10gZZQ”

n >, zm, 0" (@) (@) 2w )

- _%ngQn [2(x, x") 4] +
1 Dow 2w QM (@)Q"(2) 27 (2, w’)% log [Z”(:z:7 :1:’)%}
T Eqn |27(X, X")1]

(73)
1 n L
- ——1ogEQn [2n(x, x")% | +

DMLy FEew"
+ - ZZP”(w,w')log {EQ [Z”(X,X/)ﬂ} (74)

:—ZZP"ww loan( ()Qn()) (75)
= LD (P Q") 76)
where in (73) we substituted
Eg- [Z(X X' } ZZQ“ Q™ (') 2z, ) ¥,
(77)
in (74) we defined
e - Q@@

Eg- [Z(X,X')ﬂ

while in (75) we used the fact that P™(x, x’) is a probability
distribution and thus its components add up to 1. As suggested
by Equation (76), the derivative of EZ(\, Q") is < times
the relative entropy between the distributions P™(x, ') and
Q" (x)Q™(x'), and thus is strictly positive except in some
special case. Furthermore, for most channels and ensembles,

783

for any finite A > 1 its value is bounded. This is because
the relative entropy takes value oo only if the ratio of the
distributions diverges with n for some value. Since P(x,x’)
is equal to Q" (x)Q™ (') times another term, the derivative
is infinite only if such term goes to 0 fast enough so that the
double sum grows asymptotically faster than n.

We now study the behaviour of EZ(A, Q") for A — oo.
Since for all n the derivative is non-negative, E7(\, Q™) can
either converge to a constant or diverge. By calculating the
limit we obtain

lim E7(\, Q") :——ZZQ”

")log Zy, (z, ).

A—00
(79)

Note that the right-hand side of (79) can be co in some case
depending on the distribution of log Z,, (X, X").

Now let us consider expression (10) and study the cases
in which, for R,, > 0, the optimal 5\7,, grows unbounded as
n — oo. This happens for all rates R,, < Ro(Q™), where
R (Q™) > 0 is a quantity that can be found following a
similar reasoning as in [3, Sec. 5.7]. Let us study the R-axis
intercept of the following linear function EJ (A, Q™) + R, —
A2R,,, given by

EX(\ Q")
2A—1

Using (75), (77), (78), and taking the limit for A — oo we
have

% (Q")
= lim R,

n—00

= Jim 5103 Q"@)

Ry = (80)

81
2\ 1{Z,(z,z') > 0}

(82)

— lim —%—logIP’[ (z,2') > 0]. (83)

Expression (83) is (one half) the exponent of the probability
that the Bhattacharyya bound on the pairwise error probability
be positive. For all rates smaller than R (Q") as given
in (83), the quantity E”(\,, Q") — A\n2R,, + R, is infinite,
which implies that E”()\,, Q") is given by (79) because A
is co. Notice that this is achieved using a A, that tends
to infinity as n grows. In order to assess the behaviour of
the TRC exponent we need to study the 0p, in Definition 9
as A\, — oo. We recall that §, = 2= -2 log v, Repeating
the derivation of R (Q™) including 5n in the calculation,
Equation (80) becomes (ignoring the —1 at the denominator
which has no impact asymptotically):

ER (A Q") — _Er(\Q")  logy

2\ 2 2n
Taking the limit in (84) we obtain again R..(Q™) as in (83).
If Ro(Q™) > 0, for all rates R, < R (Q™) the TRC
exponent is infinite. Note that in such case it can happen that
dp — 00, as A, must grow asymptotically like E7(\, Q"),

which could be actuall faster than ﬁ. However, also in

A log v
Rn = o

(84)
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such case the statement of Theorem 2 would give a non-
trivial result, as E7 (A, Q™) grows faster than ¢,,. The R (Q"™)
derived here is closely related to the quantity RJ° derived
in [3, Sec. 5.7] for the DMC and is, in fact, equal to
1/2 times the equivalent of RJ° for general channels and
pairwise-independent code ensembles. Similarly to Ry o, the
quantity 2R (Q™) is a lower bound on the zero-error capacity
for general channels. This implies that for all code ensembles
and channels considered in the present section for which the
zero-error capacity is 0, Roo(Q™) = 0 as well.

Let us now consider the case in which R (Q") = 0.
Expression (83) implies R (Q™) = 0 whenever the probabil-
ity that the Bhattacharyya bound on the codeword transition
probability decreases sub-exponentially. To understand what
happens to the TRC exponent in such case, we need to check
both (79), which is the average exponent of the bound, and the
behaviour of §,,. Note that expression (79) does not necessarily
2o to oo when R, (Q™) = 0. For strictly zero rates, namely
when lim,, %log M,, = 0, the largest exponent in (10) is
achieved for 5\7,, — o0. We then consider the dependence on
n in the rate by using the definition R, = %log M, in (12)
and let S\n be

N 2
Ap = argmaX{EQ()\, Q") — —/\ log Mn}. (83)
A>1 n

In order to characterize how \,, grows as n — oo, we find
the Taylor series expansion of EZ(\, Q™) around A — oo,
yielding

20,0 =@y - T yon), s
where
Q") =~ Bllog Zu(X, X') 87)
and
VI (Q") = %Var[log Zo(X, X)), (88)
Then, it follows that ;\n grows as
An = O + o, (89)

log M, log vn
2 n + n

where the two terms at the denominator vanish with n, and also
o0, — 0. From (89) it follows that ¢,, defined in (18) satisfies
limy, oo 6, = 0 for R = 0 if < Var[Z, (X, X")] grows slower

than " Note that Var[log Z,,(X, X")] depends both on

log vn
the channel and the specific code ensemble. The parameter
v (Q™) in (87) is the same as the expression in (79). Note
that the analysis on the growth rate of An just carried out
applies to all cases in which An — oo. Thus, apart from the
case R =0, it also holds for 0 < R < Roo(Q™). In such case
the denominator of (89) does not vanish with n. This implies
that Var[log Z,,(X, X")] — oo faster than n. The term v/}
in (88) characterizes the backoff of the error exponent (86)
from its limiting value as A — oo.

IV. MEMORYLESS CHANNELS

In this section, we specialize Theorem 2 to memory-
less channels with i.i.d., constant-composition and cost-
constrained ensembles. As a by-product, we provide a
direct dual-domain derivation of the expurgated exponent
for constant-composition-codes [6], as an alternative to that
in [29].

A. i.i.d. Ensemble

Let us consider the i.i.d. ensemble with distribution

na(e) =[] Q). (90)
i=1

Using (90) in (10), we recover the single-letter version of the

Gallager’s Ex-function [3, Eq. (5.7.12)], namely

Y, Q) = —Alog 303~ Q(0)Q() 2w, x')%, O

where Z(xz,2’) is the single-letter Bhattacharyya coefficient,
and the i.i.d. expurgated exponent in (11) becomes

EM(R,Q) = EX(),Q) - AR. (92)

When R > 0, it follows that the optimal parameter (12) does
not depend on n, its limit exists and reads

A = argmax{ E¥()\, Q) — \2R}. (93)
A>1

In all cases for which \ < 00, the condition lim,, o 6, = 0 of
the theorem is satisfied. For all cases in which p is infinite we
can specialize the discussion in Section III-B to the i.i.d. case.
For strictly zero rates, namely when lim,, .o < log M,, = 0,
the largest exponent in (92) is achieved for A — oo. Then,
from (89), it follows that ;\n grows as

8 n-1(Q)
n = I3 4
A \/QIOgMn—Hog'yn to ©4)
where
1 /
n(Q) = §Var [log Z(x,x")] (95)

is constant in n while ¢, is a term that vanishes as n — oo,
implying that §,, defined in (18) satisfies lim,, o 6, = 0 as
in the R > 0 case.

The case in which A, grows unbounded for positive rates is
obtained by replacing R (Q™) (after optimization over Q™)
with %R)‘i" [3] in Section III-B. As mentioned for the general
case, also for the DMC the §,, can, in principle, diverge when
R < R (Q™), and yet Eyyc 1b(Ry, Q™) — 0.

According to Theorem 1, with probability approaching one
as n — o0, an i.i.d. code C!'¥ randomly generated from the
ensemble (90) has an error exponent (3) satisfying

E,(CiY) > ENY(2R,, Q) + Ry, — 6, (96)

with vanishing §,,. Particularizing (92) to the BSC case,
it follows that the bound (96) coincides with the TRC exponent
given by Barg and Forney in [§].
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Remark 4: Let us denote the smallest rate for which A\ = 1
with R* and recall that the expurgated exponent and the
random-coding exponent coincide for such rate [3, pg. 154].
Similarly as in Remark 3, it can be shown that, for all
cases in which §,, — 0, Theorem 2 implies that the achiev-
able typical random-coding exponent is lower bounded as
follows:

Eex(2R,Q)+R 0< R< I
Ei(R,Q) R> 1

Note that E.(R,()) might become zero above a certain
rate. If a maximization with respect to the input distribu-
tion is carried out, such rate coincides with the capacity
of the channel. This lower bound is known to be tight for
constant-composition ensembles [10] and coincides with the
one derived in [8] for the BSC.

Etrc(Ra Q) Z { (97)

B. Constant-Composition Ensemble

For every n, let Qn be a type, or empirical distribution,
such that [|Qn — Qllec < L where [Pl = max, P(z).
Then, the constant-composition ensemble has codeword
distribution

ce(®@) =

]l{a: €T™(Qn)}, (98)

o
I77(Qn)

where %(Qn) is the type class, i.e., the set of all sequences
of length n with empirical distribution ),,, while 1{.} is the
indicator function.

For the constant-composition ensemble (98), the normal-
ized multi-letter Gallager’s expurgated function ET(\, Q™)

reads
A
7\ L
(x4, 27) A) .

B Q”———log(ZQ” DICAT N1 2
©9)

i=1

In (99), we have used the fact that the channel is memoryless
to express Z,(x,x’) as a product, and we have also changed
the order of the summations over x and x'.

Since all codewords =’ have the same probability ———~— T ( Ik

the summation over x’ in (99) for a fixed constant-
composition sequence x satisfies

Z@"@c') 122>

i=1
1
Z(xi, x;) X (100)
= gy 7
< mln{(n T 1)|X\ 1 nD(Q,, I|P) HZP (xi,x’)i},
=1 z’
(101)

where the upper bound in (101) follows by identifying
gi(x;) = Z(mi,m;)i in [30, Eq. (2.4)], P is an auxiliary

probability distribution and D(Q||P) is the relative entropy

785

between distributions @ and P. Using the upper bound (101)
into (99) and arranging terms, we obtain

EX (X Q")
> m@x{—% log((n + 1)‘X|_16”D(Q"”P)-

g SIS Pz ) |

IT"

z i=1 z’
(102)
1 5 1B _
_ 1 )XI=1,0D(Qn 1) ( Pla’
m}z}x{ - og<(n+ ) e 1;[ ; (z
. nQ,,L(z) A
)Y
(103)

where (103) follows since the sum over x in (102) has exactly
|7™(Qy,)| terms and from elementary properties of constant-
composition sequences. Next, we rewrite the maximization
over P as maximization over an auxiliary function a(z) [29]

2 Using this in (103) we find

satisfying P(z) = Qn(z)e”

that
EY(A Q")

> max{—l 10g<(n + 1)|X\—16—% >, Qn(@)a(z),

a) | n
1;[(; Qn(x’)e (e >nQn(m)>>\}

(104)
—W log(n+1) + max{ /\logH (Z Qn

. (Z(x,x/)eau’)a(z))?) e )},

We observe that the the ﬁrs} term in the r.h.s. of (105)
vanishes with n. Using that ||Q, — Q||«c < 2, and further

simplifying the result, we obtain the constant-composition
version of the Gallager’s E-function, namely

E(\, Q) —max{ /\ZQ 1ogZQ(:c’)(Z(x,x/).
P i} .

(106)

According to Theorem 1, with probability approaching one as
n — 00, a constant-composition code C:° randomly generated
from the ensemble (98) has an error exponent satisfying

En(Cy) = EG(2R, Q) + R, (107)

=

Z(x,2')

(105)

where R

EG(R,Q) = EF(\Q) —
is the constant-composition version of the expurgated exponent
with optimal parameter

A = arg max{E°(\, Q)
A>1

(108)

— \2R}, (109)
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coinciding with the expression in [10]. Similarly to what seen
for the i.i.d. case, we need to address the case in which ;\n
diverges as n grows. For the zero-rate case we find that the
optimal An grows as

3 n-1n(Q)
= ny 11
A \/210gMn+1ogvn om (10)
where
]. 7
v1(Q) = max = Var [1og (Z(x, z')ed® )*a(m))} . (111)
a(-) 2

impliying that §,, — 0.

The case in which A, grows unbounded for positive rates
is obtained in a similar way as for the i.i.d. case by using the
equivalent of R° for the constant-composition case, which
can be derived in a similar way as done for the general case
in Section III-B and the i.i.d. case in [3, Sec. 5.7].

At high rates the typical error exponent coincides
with the random-coding exponent for constant-composition

ensembles [31]
EF(Q,R) = QlQ) -

(112)

max max Fy(Q,p) — (1+ p)D

QOpl

where Ey(Q, p) is Gallager’s E; function for the i.i.d. ensem-
ble while D(Q]|@) is the relative entropy between the distri-
butions @ and Q.

C. Cost-Constrained Ensemble

The cost-constrained ensemble is described by a set of
symbol-wise cost functions and an i.i.d. input distribution
Q"(z) =[], Q(x;) that induce the pairwise-independent
codeword distribution:

1 n
tost(@®) = — [[QE@il{zeD,},  113)
Pn 55
where 1, is a normalization factor and D,, is the set of input
sequences satisfying the cost constraints given by

1 5
D, = = )= < —,0=1,...,L
{w n;ag(x) S, }

(114)
for some § > 0 and ¢y = >, Q(x)ac(z) where {a¢(z)}L,
are auxiliary cost functions and can be optimized to obtain an
improved exponent with respect to the i.i.d. case. A system
cost of the form 1 3" | ¢(z;) < T can be included in the
analysis, except that no optimization over the function c¢(z)
itself can be done. This ensemble [29] is a generalization of
the one in [3, Sec. 7.3], which considers a single constraint.
As done for the i.i.d. and the constant-composition ensembles,
we specialize the result of Theorem 2 to the cost constrained
case by upper bounding E,c x(Ry, Q") and Eycr(Ry, Q™).
The key advantage of this ensemble is that it allows to
obtain the same performance of constant-composition codes
for channels with possibly continuous alphabets.

Let us start with Ey,c «(Ry, Q™). Plugging (113) into (11)
we obtain

A{zeD)1{a € Dn}Zn(a:,a:’)%)A.
(115)

Under mild assumptions on the cost functions, namely and
Eq [ae(X)?] < oo forall £ =1,2,..., L, the normalization
constant satisfies [29, Prop. 2], [32] lim,_ %,un = 0,
implying that, for n large,

(g

A
1{x € D,} 1{z' € D,} Zn(x,w')x)

En (>‘ Qcost

(116)

We next find an upper bound on the indicator function in (116).
Define a}}(x) = Y., a¢(z;). For any real-valued number ry,
we have

L
1{z € D} = [[ 1{lap (x) — nge| < 6} (117)
{=1
L
< Hem(a?(w)*nm)e\ww (118)
(=1
— eXimare(af @) —neo)Hreld (119)

where in (118) we upper bounded each indicator function
using (114) for any real number 7, [29, Eq. (56)], which
is independent of n. Using (119) we bound the product of
indicator functions in (115) as:

]l{w EDn}]l{w' e Dn}
< Xtz re(a (@) =nde)FIreld 3L, Tela (@) —nge)+[7eld
(120)
et re(af (@) —nge)

— e Xt (Irel+rl)
621%:1 ry(ay (') —nge)

(121)

where in (121) we renamed 7 as —7’'. Since r, is a real-valued
variable which does not depend on n, we can bound the
argument of the logarithm in (116) using (121):

(EXewe

) 1{x eD,}1{z' €D,}-

A
-Zn(sc,sc’ﬁ) (122)

eth 1ro(ay (&) —ngy)
ez/ L re(ap (@) —née)

< (Txowe

’ 1 A
.6524=1(W|+W\)Zn(w7w');) (123)
()" eth i (&) o) Y
T T ~
ZZQ Q@) S @ ey 2@ @) |
€T €T
(124)
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where in (124) we used the fact that €5 Xi=i(Irel+Irl) g
independent of n while Q"(z) = [[;_, Q(z;) is an input
distribution that satisfies the conditions of [29, Prop. 2] as
well as the system cost constraint . From (124) we can bound
E?(\ Q) as follows:

En()‘ Qcost)
> En( 7Qn7 {a€}7 {7”4}, {7“2})
_ = 10g <Z Z Qn Qn

ez,_; L rea @) —nér)
ez,,:m,w (@)—nde)

1\ A
-Zn(:c,:c')?) . (125)

Expanding each term as single-letter product and optimizing
over the auxiliary variables, we obtain:

E2(0 Q)

cost

Z Ex()\a Q)

= sup

{W}z 17{re}e 1:{‘”( )}z 1

{—Alog (ZZQ(m)Q(w')

et re(ae(z') = ¢e) P
oS relar(@)—de)

>=

x, )

)j

(126)

From (126), the bound Ey,. «(R,, Q™) follows. As a side
remark we point out that the expurgated of the i.i.d. and the
constant-composition ensembles can be recovered from (126).
The former is recovered by setting r, = 1, = 0 in (126),
while the latter is obtained by setting L = 1, r{ = 1 and
r1 = 0. This differs from the similar result in [29], where the
constant-composition exponent is obtained with L = 2, due to
the fact that [29] considers a mismatched decoder rather than
a ML one as in our case.

Let us now consider the case in which \,, — oo as n grows.
For the zero-rate case we find from (89) that

- n-11(Q) +on,
2log M,, + logvn

where now the term v1(Q) is given by

(127)

v (Q) =

sup {—Var
(et b a0, | 2

1 eZz:1 T{(ai(z/)7¢k)Z , 128
°8 ety re(ar(z)—dr) (z,2) » (128)
implying that 6, — 0.

The case in which )\, grows unbounded for positive
rates is obtained in a similar way as for the i.i.d. and the
constant-composition ensembles by using the equivalent of
R’ for the cost constraint case.

As for the bound FEiyc (Rp,Q™), it can be obtained by
plugging (113) into (15), using the bound on the indicator

function given in (119) and following a similar reasoning as
for E7(\, Q7 ) to obtain [29], [31]

E(’Sl (p’ Q?ost)
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> Ey(p, Q)

= sup

log (Z (ZQ(m)
{”}tz viretic {ae (O}, y x
1+p
. 625:1 re(az(m)¢z)W(y|x)Tlp> ) , (129)

from which the bound on the TRC exponent at high rates
Etrc,r(Rn7 Qn) follows.

V. FINITE-STATE CHANNELS

In this section, we particularize the result in Theorem 2
to the case of finite-state channels. In particular, we derive
the two lower bounds on the exponents Eic x(Ry, Q™) and
Etrc,r(an Qn) in (51)

We consider finite-state channels with A states
{1,2,...,A}. The statistical behaviour of the channel
is described by a joint probability measure linking the current
channel state and output to the current input and previous
state W (y¢, s¢|x¢, s¢—1). Similarly to [3, Sec. 4.6], our results
are based on the probability of the channel output y, given
the channel input « and initial state sg, which can be obtained

by summing over all the possible state sequences (s1, ..., S,)
using the following recursive expression,
A
W"(yle,s0) = > Waly, snlz,s0),  (130)
sp=1

where the probability W, (y, s,|x, sp) can be calculated using
the recursion

Wi(yy, st|ze, s0) =

A
Z W (e, selwe, se-1)Weo1(Y; 1, se-1]@e-1, 50), (131)
St71:1

for ¢ = 1,...,n. In (131), «; and y, are respectively

the channel input and output sub-sequences given by x; =
(1,...,2¢) and y, = (y1,...,y:), while for ¢ = 1 we
have the initial relation W7y (y1, s1|z1, So) = W (y1, 1|21, S0)-
Equation (130) represents a family of channel transition prob-
abilities, indexed by the initial state sg, that also encompasses
compound channels since sy can be considered as an index
that determines the channel from the compound set. We study
the error probability of ensemble of codes using a mismatched
decoder that employs a decoding metric that averages over
the initial state assuming an equiprobable state distribution,
as in [3],

W™ (y|x, so)- (132)

A
W (yl) = Z

A. Lower Bound on Eiyc x(Ry, Q™) for Finite-State Channels

From Lemma 1 and the error probability bound in (35),
we have that with high probability, a code drawn randomly
from a pairwise-independent ensemble used over a FSC and
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averaged over all possible states has an error probability
bounded by

Pe(Cn)

IA

('VnMn

0 (T ewee
- (wan<y|w>wn<y|w'>)§>A

(133)

M,

IN

Min (’YnMn(Mn - <ZZQ” Qn
A 1 A 1 T\ A
: (Z Z ZW”(M@‘,SO) Z ZW”(M%’,S(})) ) ;

Yy so=1 sp=1

(134)

where (134) follows from (132). From (134) it is possible to
find a bound that holds for any given initial state, useful in
case a distribution over such state is unknown. Referring to
the error probability for code C,, given an initial state Sy as
P.(Cy, 30), we have the bounds

Pe(Cp) =Y (50)Pe(Cn, 50) (135)
> maXQ(EO)Pe(Cn; 50) (136)
S0
1
2~ Fe(Cus 50)- (137)
From (137) we obtain
P,(Cpn,50) < AP.(Cy), (138)

a bound that holds independently of the initial state distribution
or on whether such distribution exists or not. Plugging (134)
into (138) we get an upper bound on the average error
probability for a given initial state which does not depend
on the initial state distribution. From Theorem 1, keeping the
dependency on the initial state into account, we have that, with
high probability, for any initial state sq:

Pe(Cn; 50)

< A (M, (M, — 1)) (ZZQ"(w)Q (@'
i i
Z ZW”(Mw,so) Z ZW”(M%',S()))

sp=1 sp=1

>
v
>

<[4

(139)

= Min (Yn My (M, — <Z Z Q"(z)Q"(x
A I\ A
| (Z S Welglesn) 3 Wn<y|wcsg>> )

Yy sp=1 sp=1

(140)

where in (140) we simplified the outer A with those under the
square root. Taking the negative normalized logarithm in (140)
we finally get a lower bound on the exponent of a typical code
from an ensemble over a finite state channel with initial state
so for a given n. Thus (9) can be rewritten as:

Etrc,x(an Qn) = F):L(j\na Qn) - 25\an - 5n

where

Fﬂ( Q" = 1og<ZZQn Qn
A
<Z ZW”(?J'“@Z W"(ylw',sé)> ) .

Yy so=1 sp=1

(141)

(142)

We next show that the limit of (142) for n that tends to infinity
exists and is finite. We start with the following lemma, which
is the equivalent for TRC of [3, Lemma (5.9.1)].

Lemma 2: For any finite-state channel the following holds:

k N
FE0 QY = ~ R\ QY + ~F(A. Q) (143)

where k£ and [ are positive integers and k + [ = n.
Proof: See Appendix A. [ ]
The next lemma is the equivalent of [3, Lemma (5.9.2)] for
the typical error exponent case.
Lemma 3: Let us define:

FX(A Q) =sup FP(A, Q) (144)
@ being the limiting distribution of ", which is assumed
to exist. For all pairwise-independent code ensembles and all
finite state channels for which there exists an ng such that for
n > ngo the normalized relative entropy (76)

1
D (P(=, z')[|Q"(x)Q" (x")) < oo (145)
and for A > 1 we have:
lim F'(\, Q") = F°(\, Q). (146)

Furthermore, for 1 < A\ < oo the convergence is uniform in A
and F2°(\, Q) is uniformly continuous in .

Proof: Consider first the case 1 < A\ < co. The bound-
edness and positiveness of the derivative (76), particularized
to finite-state channels, for any finite A together with the fact
that F'(1,Q™) is finite (see proof of Lemma 4 below and
[3, Lemma (5.9.2)]) implies that F*(\, Q™) is positive and
bounded. This fact together with Lemma 2 allows us to apply
[3, Lemma (4A.2)], which implies (146). Furthermore, the
finiteness of the derivative in A for each n implies uniform
convergence and uniform continuity.

For the case in which 5\7,, — 00, we have that the following
limit:
lim 7 (A, Q™)

n—oo

(147)

exists and is either finite or infinite. This follows from the fact
that the derivative of F*(\, Q™) with respect to A exists for
any n and is positive. |
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An important implication of Lemma 2 is that it guarantees that
the limit in (62) exists. This means that Theorem 2 gives a
result which is non trivial and in fact practically relevant.

The behavior of Eiyc 1n(R,, Q™) in the case A\, — 00 can
be derived from the general case presented in Section III by
substituting the Bhattacharyya bound on the pairwise error
probability with:

A A
DD Wryle,so) Y Wr(yla, sp).

Yy 80:1

(148)

-
sp=1

From the discussion above it follows that the limit (147)
is always oo for R > 0 (the dependency on R, is hidden
in /\n, which is in turn a function of R,,), since /\ — oo for
a positive rate R only if R < R.(Q"), while it can be finite
in R=0.

B. Lower Bound on Ey,(R,, Q™) for Finite-State Channels

We recall from Definition 2 that Eic,(Rn, Q™)
E'(R,,Q") — v, where E'(R,,Q™) is the random-coding
exponent while, under the conditions of Theorem 2, ¢,, — 0.
The derivation of a lower bound to E7'(R,,, Q™) for finite-state
channels was developed in [3, Sec. 5.9], leading to the
random-coding error exponent

E(R,Q) = max Fo*(p, Q) — pR (149)
where F;5°(p, Q) is defined as
F§(p,Q) = Tim FY(p, Q") (150)
and is related to the limiting Fyp-function as
Fy*(p, Q) = min E5° (p, Q, s0) (151)
with
Ego (pa Q7 50)
14p
— P YL YL
_g&nm<Z(ZQ gl ) ) )
y x
(152)
C. Rate R*
Let us now focus on indecomposable channels'. For such

channels different definitions of capacity exist. In [3, Sec. 4.6]
the upper (C) and lower (C) capacities are considered. They
differ in that the former includes a maximization over the
initial state sg, while the latter includes a minimization.
Interestingly, for indecomposable channels the two definitions
coincide, i.e., C = C = C. In the following we show that
there exists a rate R* such that below R* Eyc x(Ry, Q") is
larger than Ei,c . (R,, Q™) while the other way round is true
for rates R* < R < C.

We start by pointing out that F, (R, Q) is convex and strictly
decreasing in R for R < C, as shown in [3], and the optimal p
is a decreasing function of R so that for R that goes to C' the

ISee [3, Sec. 4.6] for a definition.
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optimal p gets close to 0 while it takes value 1 in a continuous
interval that includes the point R = 0. As for F'(\,,Q"),
we can see that R and A play the same roles as in Ex (A, (Q))
as defined in [3, Sec. 5.7], and thus F*(\,, Q™) — A\, R, is
convex and strictly decreasing in R and the optimal A is also
a decreasing function in R. Note, however, that such quantity
(which is a bound on the expurgated exponent for finite-state
channels) can reach 0 at a rate which is much smaller than
the capacity. Now let us call R., the largest rate at which the
maximum of E,(R, () is obtained for p = 1.

The following lemma is instrumental in proving Theorem 3,
where the TRC exponent for all rates is presented.

Lemma 4: For finite-state channels:

log A
7Q/n/) _ g
n

Ej(1

log A
< FM(1.Q") < B (1 o=

Q") +
(153)

Furthermore, if F{J'(1, Q™) is finite F(1, Q™) is finite as well.
Proof: See Appendix B. |
The following theorem shows that, for finite-state channels,
the limits in Theorem 2 exist and, if §,, — 0, the result of
the theorem is non-trivial, i.e., the typical exponent exists and
is strictly positive. Furthermore, it provides the result to the
minimization in Theorem 2 for each rate below capacity.
Theorem 3: For all finite-state channels for which §,, — 0
the following holds:

hm lnf min {Etrc,x(an Qn)v Etrc,r(an Qn)}

_ |JEx(2R.Q)+R R<R*
| E(R,Q) R > R*

where R* = RT Furthermore, Eo(2R,Q) + R is strictly
positive for range R < R* while E.(R, Q) is strictly positive
in R* < R < C if a maximization over () is carried out.

Proof: Using Lemma 4, the fact that both F* (A, Q™) and
FJ'(p, Q™) are increasing in A and p, respectively, and the fact
that A > 1 while 0 < p < 1, it follows for large n that

(154)

max B (A, Q") — ARn > max F§'(p,Q") — pR (155)
when R < R, and that
I}\laXE (A Q") — AR, < 01%1;1%(1 EFj(p, Q") — pR, (156)
for R,, > R.;. Thus, for R, < R.. we obtain that
B (Rn, Q") > Ex(Rn, Q") (157)
while for R,, > R,
EL(R,,Q") < E.(R,,Q") for R, > Rc,. (158)
Finally, since Eyye x(Rn, Q") = EL (2R, Q™)+ Ry, — 0y, for

all cases such that §,, — 0 and with reference to the statement
of Theorem 2:

lim inf min { Eyye x (R, Q"), Ere (R, Q™) }

n—00

liminf Byex (Rn, Q") = Fex(2R, Q) + RO < R < R
B lim inf Etrc,r(Rn7 Qn) =E, (R, Q)R > R*
n—oo

(159)
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which was obtained by equating Fex(2R,Q) + R and
E,(R,Q), from the definition of R, and setting R* = R“.
At the right-hand side of (159), the quantity F..(2R, Q) + R
is positive for rates R < R*, while Gallager’s exponent
E,(R, Q) can be made positive up to capacity by maximizing
over the input distribution, which gives the theorem statement.
|

D. State Known at the Receiver

In the following we specialize the results for the FSC to
the case in which the state of the channel is known at the
receiver. We consider a channel in which the state changes
at any symbol time according to a Markov chain with a finite
number A of states. In particular, we consider an FSC in which
the channel state sequence s seen by a transmitted codeword is
a deterministic function of the output y and the initial state s,
ie., s = f(y,so). At a given instant, the channel is modelled
as a DMC, the characteristics of which depend on the state
at previous instant. This introduces memory in the channel.
Channels corresponding to different states are different DMCs,
with the only constraint that the input alphabet X be the
same. An example of such family of channels are FSCs for
which the DMCs have the same input set but disjoint output
sets, that is, the intersection of the output alphabets of any
two DMCs is empty. This allows the receiver to know what
the state in previous instant was. Knowing the channel state
allows the receiver to use maximum-likelihood decoding with
the transition probability W (y|x, so) and to write (140) as

(Txzew
T @ . R
: Qn(wl) ( Z \/Wn(y|wa SO)Wn(y|wlv 80)) ) )

(160)

1
Pe(cnvso)f M. (’YnMn(M -

where the initial state sy is known at the receiver. Similarly
to what done in [3, Sec. 5.9] to derive the random coding
exponent (RCE), let us introduce the following conditional
probability function:

Wn(y|wa 50) if s= S(yv 80)

s (161)
0 otherwise.

Wn(yv S|:13, 50) = {

Using (161) in (160) we have:
Pe(Cn, So)

<L (M, — 1)) (ZZQ"(w)
Tr l \
Qn <ZZ\/W” y,3|513 SO)Wn(ya3|w 50)) )

= Min ('YnMn <ZZQH Qn
n % A
-(ZHZJWH(y,mxi,si1>Wn<y,si|x;,s“>> ) .
s i=1 vy

(162)

Note that in (162) only the state sequence s corresponding to
the initial state sg and output sequence y actually leads to a
non-zero term in the sum over s. Similarly to [3, Sec. 5.9],
we express the overall bound as a function of a matrix product.
Let:

B(s, s x,2") = (y, sla’,s")  (163)

Z VW (y, slz, s\ W

where s,s" € {0,1,...,A— 1} and z,2" € X. We define the
following set of matrices

ﬁ(0,0,IE,CC/) ﬁ(O,A— ].,(E,IC/)
ﬁ(l,O,x,:c’) ﬁ(]-vA (E,IE’)
Az,z’: .
ﬁ(A_]-;vavlJ) ﬂ(A—].,A—]_,(L’,$/)
(164)

Using (163) and (164) in (162) we have:

Pe(Cny s0) < L (9 Mo (M, — 1)) <Z > Q=)

n > A
. Qn(w/) (e(so T ( H Agc”x;) 1) ) (165)
i=1

where e(sg) is an A x 1 vector with a 1 in position sy and
0 elsewhere, while 1 is a A x 1 vector of all 1’s.

Finding a single-letter expression for (165) is challeng-
ing due to the presence of the matrix product, but can be
evaluated using Monte Carlo. We do this in the following
numerical example, in which the two-state model presented in
[3, Fig. 5.9.1] is considered. At a given instant, the channel is
modelled as a BSC. The channel transition probability at time
t is pg if the channel was in state 0 at ¢ — 1, and p; otherwise,
the probability of state change being ¢. As in [3, Figure 5.9.2],
we assume that the receiver knows the state of the channel at
every instant. For this specific channel, A, ;- in (164) can
take two possible values, given by

1_
Ao,o—Al,l—( ¢ 1 ) (166)

qg 1—gq
while:
Apg1 = A
<%1—® (1 — po)po

2¢+/(1 = po)po

2¢\/(1 = p1); )
2(1 = q)/(1 =po)po/)
(167)

The bound in (154) is plotted against the rate in Fig. 1. The
term F, (R, Q) given in (149) is evaluated in closed form as
in [3, Fig. 5.9.2], while Ei,c x(R,,Q™), i.e., the the negative
normalized logarithm of (165), is evaluated using the Monte
Carlo method with 10 iterations for a codeword length of n =
200. More specifically, due to channel memory, the statistical
mean inside square brackets in Eq. (165) cannot be written as
a single-letter product, and can only be estimated by randomly
generating a large-enough set of pairs of codewords (x, ') of
length n. The TRC for the DMC channel derived from this
FSC (i.e., setting ¢ = 1/2, see [3, Sec. 5.9]) is also shown
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(a) all rates

0.5 T T I
— FSC

Etrc,lb (R7 Qn)

0 | | I

0 0.1 0.2 0.3 0.4 0.5

R
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(b) low rates (c) high rates

0.45 T 0.01 T T T
0.4 - 0.008| .
0.35| 0.006 |- i
0.3} - 0.004 |- .
0.25 - 0.002 | .
0.2 | 0 | | |
0 0.01 0.02 0.3 035 04 045 0.5

R R

Fig. 1. TRC exponent for the FSC described in [3, Sec. 5.9] with ¢ = 0.01, po = 0.01 and p; = 0.1 obtained with monte carlo for n = 200 and
108 iterations. The TRC over DMC is also shown for comparison. The latter is obtained by setting the state transition probability ¢ to 1/2.

for comparison. The result is consistent with the behaviour
of the RCE presented in [3]. Note that, for this channel, the
memory does not decrease the capacity with respect to its
ii.d. counterpart. This can be seen in Fig. 1(c) noting that the
smallest rates for which the two curves are zero coincide.

APPENDIX

A. Proof of Lemma 2

Let us split the length-n input sequence « into two
sequences of length k and [ x; and x5, respectively, i.e.,
x = (x1,x2). Let us do the same for the output sequence, i.e.,
y = (yY;,Y,). Let us also impose that the input distribution
be Q" (x) = Q™(x1)Q™(x2). This choice can be suboptimal
in some cases, but does not impact our proof. With this
assumptions and from (130) it follows that

o~ (.Q™)

> QM@)Q" ()

Z Z Wn(yle, so) Z Wn(yla’, s;)

Yy so=1 50:1

(168)

SN NN QM @)Q () Q" (24)Q" ()

T T2 ] =

A A
ZZ Z Z Wk(y,, sklx1, so)W(ys|xe, sk) -

Y Yo so=1s,=1

1\ A
A

A A
SN Wy, sl sh) W (ys|@h, s))

(169)

RS

IN

Y QM@)QM(h) Y Q(22)Q"(xh)

xq,x) T2,
A A

DD D Wiyalwa, si)Wys|@h, s1) -

Y1 Y2 sp=1 5;:1

1\ A
By

A A
D> Wy skl so)WE(yy, s l2h, )

so=1s{=1

(170)

> QM @)Q™MEh) Y QM(w2)Q" (wh) -

xq,x) T2,

A A
D> Wihyslaa, s)W

Y, Yo sp=1 s;czl

(yal2h, s1.) -

1\ A
A A 2
D0 DT Wy, s0)WE (g, e, ) (171)
5‘0=156:1
Q" (x1)Q" (x1)
xq,x)
1\ A
A A A
Z Z WH(yy|@1, s0)WH(y |21, s0)
Y, so=1s{=1
3 Q)@ (h)
T2,Ty
RN
A A A
ST S Wiy, s W (g, |2 5f)
Yo sp=1s] =1
(172)
e FFe(AQ") o~ 1F1(X,Q") (173)
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where in (169) we applied (131), in (170) we reorganized
(169), while in (171) we used the fact that

W (yy, sil@r, s0) W (yy, si|@!, s0)

< Z Wk(y175k|w1aSO)Wk(ylaSHw/la‘%) (174)
E
= Wk(y1|w1,50)Wk(y1|il:/1, 86) (175)

which concludes the proof.

B. Proof of Lemma 4

Let us evaluate F*(\, Q™) at A = 1. From (142) we obtain
that

o—nFr(1,Q™)

=22 Q"@)Q"()-

A A
Z Z Wn(y|x, so) Z Wn(y|x', s;) (176)
Y so=1 sp=1
=2 2 ) Q'@ &)
y x x
A A
J Z Wn(y|x, so) Z Wn(yla', sp) (177)
so=1 sh=1
2
A
=> [DoQm@),| > wr(ylz, s0) (178)
Yy T sp=1
Ay 2
: Ey: <30:1 A ;Qn(”") W (y|z, s0) (179)
A 2
=AY Y Q@Y e ) | (180)
sp=1 b3
o 2
= 502 A ; zijn(@ Wr(yle,s0) | (181)
A 2
=AY > <Z Q" ()W (ylx, s0) (182)
80:1 @x
’ 2
< Amax ) | Y Q@) VW (ylz,s0) (183)
Yy @x
= Ae_anL(17Q’”‘). (184)
On the other hand,
e (LQ™) _ Z Z Qn(w) Z W"(y|w, 80)
Yy T sp=1
(185)
2
>max Y | D Q" @) VW (yle,s0)
Yy @x
(186)
_ L nmraen
=3¢ (187)

and, since A is finite, we have that

n e logA
FO (LQ )_ n

log A
< FP1LQY € FLQM + =

(188)
Using (188) and the fact that A is finite, F*(1, Q™) coincides
asymptotically with F§*(1, Q™). Finally, since the chains of

inequality above hold for any n and A is finite, if F{J'(1, Q™)
is finite F*(1,Q™) is also finite.
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