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Introduction and Motivation

So far...

@ We have shown that we can achieve P. — 0
with codes of rate R < C
provided that n — oo
using random coding (average Pe over the ensemble of random codes)
@ The proof is not constructive
average performance
does not tell us how to achieve the limits
@ Random codes
not implementable, we need to store the whole codebook at transmitter and receiver
we do not know how to encode and decode algorithmically
in practice n < oo, i.e., finite-length codes
@ We need codes that can be implemented (encoding and decoding) and that
perform close to capacity
@ We will study
Linear block codes
convolutional codes
turbo-codes
low-density parity-check codes
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Linear Block Codes

Definitions
@ A binary code C of length n and dimension k is a set of different 2% binary
codewords of length n.
@ The rate of the code is R = 1log, |C| = &

@ C is a vector subspace of the vector space defined by all possible binary vectors of
length n, hence the code is linear

@ Cis the set of codewords ¢ satisfying for all b € F5 (row convention)

i1 - Qin

921 .- Q2| | )
c=bG, where G= | . . . | isthe generator matrix

k1 oo Gk

@ For equiprobable messages, every symbol of a linear code is uniformly distributed

@ The code is called systematic if the information bits b are part of the codeword,
i.e., ¢ = [b p] where p € FJ~¥ is the parity vector (redundancy)

@ The corresponding generator matrix is

G= [l P], where PcFy*"“ is the parity generator matrix
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Linear Block Codes

Definitions
@ We can also express the code C as the set of codewords ¢ such that
h171 0oo h1yn
= h271 coo hz,n . . )
cH =0, where H= . . . is the parity-check matrix
hn—k,1 cee hn—k,n

H represents the linear system of equations that every codeword must satisfy
The parity-check matrix of a systematic code can be expressed as

H = [PT In_]
Hamming weight wi(¢) = >, ¢i, sum is the sum over the integers (not binary)
Hamming distance between ¢, ¢’ € C: number of positions in which they differ

n
dh(c,¢) =) cdc =m(cac)

i=1

@ Minimum Hamming distance
Omin = min dh(c, )
c,c’ec
c'#c
Since the sum of 2 codewords is a codeword (linear code)
Omin = mig wh(c) we can take the all-zero codeword as reference
cec
c#0

©Jossy Sayir (CUED) Advanced Wireless Communications Lent 2012 5/15



Linear Block Codes

Definitions

@ Weight enumerator Ay is the number of codewords in C with Hamming weight d
@ Input-output weight enumerator A; 4 is the number of codewords in C with
Hamming weight d generated with an input sequence b of Hamming weight
i= Wh(b)
@ Obviously, Ag = >, Aig

Example (The (7,4) Hamming Code)

@ Binary code of rate R = % generator and parity-check matrices given by

o S T e 1o o

G-= H=(1 0 1 1 0 1 O
v o1 1 1 0 0 1
o o0 1 1 1 1

@ 2 = 16 codewords
ci = [0000000] ¢z = [0001111] ¢5 = [0010011] ¢4 = [0011101]

cs = [0100101] €5 = [0101010] ¢7 =[0110110] €5 = [0111001]
Co = [1000110] €10 = [1001001] €41 = [1010101] €12 = [1011010]
Cis = [1100011] €14 = [1101100] c15 = [1110000] €16 = [1111111]

°A3—6A4 8A7
°A13—3A23—2 A33—1A14—1 A24—4A34—3 A47—1

v
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Error Probability and Union Bound

Error Probability and Union Bound

@ BPSK modulation x; =1—-2c¢;, i=1,...,n

@ Binary codeword ¢ vs modulated BPSK codeword x
@ AWGN channel

y=x+z

2 ~ N(0, 02)

Py x(yilx) = \/73 =

s _ L lly—xI?
yix(¥|x) = 20

(z,wz)n/z e
@ Maximum Likelihood decoding

2
X = argmax Py x(y|x) = argmaxe™ 2z ly=l
(S

= i — 2 — i . X 2
= argmin ||y — x||* = arg min Z(y, X))
i=

(00— +1and1 — —1)

@ Exhaustive search over 2¢ codewords, find the closest. Implementable for short

codes (i.e., Hamming code), impractical for standard code lengths.
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Error Probability and Union Bound

Error Probability and Union Bound

@ Calculating exact the error probability for a particular code is a hard task
@ However, it is easy to obtain a simple and tight bound using the union bound
Ps = Pr{¢ # 0|0 was transmitted}

= Pr{ U {error with codeword ¢|0 was transmitted}}
840
<> Pr{error with codeword &|0 was transmitted} = >~ PEP(0 — &)
&40 &40
@ PEP(0 — ¢) is the pairwise error probablllty

PEP(0—>c)_P{Z i — %) <Z (+1))2}

d d d
= Pr{Z(y;— (12 <> (- (+1))2} = Pr{Z4y,- < o} = Q(\/W),

i=1 i=1

with SNR = 1/(20?), since y; are Gaussians N (41, 02), then
¢, 4yi ~ N(4d,16do?), Pr(X > x) = Q(*>%) and Q(—x) = 1 — Q(x)
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Error Probability and Union Bound
Error Probability and Union Bound

@ Summarising we have that
Pe < ZAdQ (V2dSNR) Py < ZZ LYo (V2dSNR)

@ SinceQisa decreasmg function, at large SNR we have that

Pe <> AsQ (V2dSNR) ~ Agy, Q (V/20n SNR) .
d

10’

8 L L L L L L
Y= 0 2 4 6 8 10
£ (aB)
; Ep Ep _ _ Es
(7,4) Hamming code performance Pe vs o RNT, =SNR = N
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Random Coding for the BEC

Coding and Decoding for the Binary Erasure Channel

@ For the BEG, linear codes can be decoded by matrix inversion:

eliminate the columns of G corresponding to erased positions in the codeword — G’
invert G’

recover the information bits b = ¢/ G’~" where ¢’ is the vector containing only the
non-erased bits of the received sequence

@ A similar decoder can be constructed based on the parity-check matrix H, where
decoding is achieved via triangulation of the portion of H corresponding to the
erased bits

@ The complexity of matrix inversion or triangulation decoding is the complexity of
Gauss elimination over GF(2), i.e. on the order n? if n is the codeword length

@ What is the probability of success of matrix inversion decoding if the generator
matrix G has been selected at random? (random coding)

1-p
0 ® o

14 ?
1 . 1
1-p

Binary Erasure Channel (BEC)
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Random Coding for the BEC
Probability of Inverting a Random Matrix
@ The matrix inversion decoder will be successful if the matrix G’ with erased
columns has rank k = nR, i.e., if G’ has full rank

@ Let A be arandom binary k x n matrix chosen uniformly at random, with kK < n.
How probable is it that A has rank k?

@ There are 2" binary k x n matrices and Hf.‘:’(; (2" — 2') of them have rank k (for
each row, choose any sequence of length n except any linear (binary) combinatio
of previous rows)

@ The resulting probability of full rank is

=)

P(rank(A)=k) = 52" -2) = H 1-27)

2kxn
i=n—k+1
@ For n = k, we have
., 18715 oen

whose limit as n goes to infinity is 0.288788

@ For n > k, the product omits the first and smallest terms (1/2,3/4, etc.), so the
limit gets larger and closer to 1 as n — k grows

(@©dJossy Sayir (CUED) Lent 2012 11/15




Random Coding for the BEC
Rate and Chebyshev’s inequality

@ Remember that the capacity of a BEC with erasure probability pis C =1 — p and
we know from the converse to the coding theorem that we cannot hope to achieve
arbitrary reliability for R > C with any type of coding, so all the more so now that

we restrict ourselves to linear coding
@ Therefore, let the rate be R =1 — p — ¢ for any arbitrarily small ¢ > 0

@ Let W be the number of erased bits in our block of length n. W follows a binomial

distribution
_ n w _ n—w
Pw(w) = <W>p (1-p""

and we have E[W] = np and var(W) = np(1 — p)
@ We use Chebyshev’s inequality
P(|W_pn| > Oé) < M’
o
which, by setting o = dn, gives us

P —p)

- < >
P(|W —pn| <én)>1— 5
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Random Coding for the BEC

Probability of success for random coding
@ Let us denote D = |W — pn|. We can now write the probability of successful
decoding Ps as
Ps = P5|D§5,7P(D < (Sn) + PS|D>5,,P(D > 6n)
> Pgp<snP(D < 6n) (dropping a positive term)

> Psjw=pn+sn (1 = %) (Chebyshev’s inequality)

where we have also used the fact that the probability of success over the interval
|W — pn| < énis smallest® for W = pn+ én

@ We now use the expression we computed for the probability of successfully
inverting a random matrix, whose dimensions are nR = n(1 — p — <) rows and
n— (pn+dén) = n(1 — p — ) columns, to get

psz(1 P — >)‘ a2

i=n(e—8&)+1

4we brush over all integer constraints on the number of erasures and the matrix sizes. The proof can be
made precise by appropriate use of floor or ceiling integer rounding functions.

v
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Random Coding for the BEC

Probability of error for random coding
@ We now get for the probability of error Pe = 1 — Ps, by choosing 6 = ¢/2,

n(1—p—e/2)
4p(1 —p) —i
Pe§1—(1—T | I -2
i=ne /2+1

which can be made arbitrarily small for any given e by choosing n appropriately
large

L L L L L L L i L 10 L L L L L L . i
o 20 400 00 80 1000 1200 140 1600 1800 2000 w0 20 w00 40 50 700 0 w0 1000 1100

500
Block Lengln Block lengin

Upper bounds including the Chebyshev averaging - excluding averaging (i.e. assuming W = np)
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Random coding for the BEC

What we have learnt. ..

@ For the BEGC, linear codes achieve arbitrary reliability on average over all codes by
choosing n large

@ While the bound for a specific number of erasures is exponential in the block
length, the overall bound we calculated is not: this comes from the Chebyshev
averaging which is a weak bounding technique and can be improved by use of
Chernoff or Gallager bounding

@ In fact, linear codes achieve arbitrary reliability on average for all input-symmetric
channels (we will not prove that) including the AWGN channel with BPSK that we
studied earlier

@ Linear coding provides a low-complexity method to define a set of codewords
(better than picking 2”7 codewords at random) and to encode information digits via
matrix multiplication

@ What we need now is techniques for efficient decoding that work better than
exhaustive search for the maximum likelihood solution
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